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I. TNTRODUCTION

Key design considerations for the LIBRA cavity depend upon the mechanical
response of INPORTs under repetitive shock loading. The determination of the
response requires the quantitative characteristics for mode shapes and natural
frequencies. Since the axial tension gradient is significant for INPORTs,
this will affect the modal analysis. In the work which follows, the tension
gradient is assessed in the development of an exact solution for INPORT mode

shapes and natural frequencies.

[I. NOMENCLATURE

ap - perturbation parameter

Ag - cross sectional flow area
At - cross section of tube

b, - perturbation parameter

c - flow velocity

E - elastic modulus of tube

g - gravitational constant

I - moment of inertia of tube section
4 - tube length

m - integer

me - mass/length of fluid

my - mass/length of tube

M - total mass/length (m¢ + my)
n - integer

p - internal mean pressure

t - time

To - effective tension



T, - static pretension

T - dimensionless tension

u - x displacement

v =y displacement

V, - modal amplitude

w - z displacement

W - total weight of tube and fluid
x = axial coordinate

y - transverse coordinate

z - transverse coordinate

§ =~ perturbation function

e - perturbation function

Ko = damping coefficient

v - Poisson's ratio for tube
w, - natural frequency

w_ - dimensionless natural frequency

III. GOVERNING EQUATION

The system under consideration (Fig. 1) consists of a uniform tube of
length %, cross sectional flow area Ag, mass per unit length my, and flexural
rigidity EI. The internal fluid flows axially with velocity ¢ and mass per
unit length mg. Any secondary flow effects or radial variations in the flow
velocity are neglected. The mean pressure within the tube is p, measured
above atmospheric. However, it is assumed that the nominal dimensions of the
tube will not change with the internal pressure.

In its undeformed (equilibrium) position the longitudinal axis of the

tube coincides with the x axis. With this vertical configuration, gravity ef-
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fects will be assessed. Free and forced response of the tube is allowed in
both the x-y and x-z planes along with longitudinal deformations.

With a compression spring mechanism supporting both ends, a static pre-
tension T, can be applied to the system. An additional axial tensile force is
induced by the internal pressure, which is equal to pAf(Zv - 1) for a thin
tube. Nonlinear tension effects can be included by considering higher order
terms in the expression for the tube extension. Also, since the weight of the
viscid fluid is not negligible, there will be a tension variation due to a
gravity gradient. \

The general equations of motion for the tube were derived using
Hamilton's principle and variational calculus procedures.(l) The resulting

partial differential equation for lateral motion in the x-y plane is given by

2 2 2
vy %y 2 v av_a _ _
(mf + mt) ;;E'+ 2 MeC o + MeC 3;7 * KM 5E T g {[To pAf(l 2v)

+ (mf + mt)g(l -x)] + [EAt - T, - PAL(l - 2v) - (me + m)g(e - x) ]
(1)
4 4
ou duy .1 (9vy2 1 dwy2q dv 'V _ vy2 3y
QU QR Lz ez by e By vz

ax ax oX 9x ax4 ox ax4
2 .3 2
dy "y 37y 3"vy3
~-12 EI -3El ((5)°=0
X axz 3x3 8x2

where steady state flow has been assumed.

In order to determine the basic modal characteristics of the tube, Eq.
(1) has been linearized to decouple the lateral and longitudinal displace-
ments. For transverse motion it is assumed that the effect of the Coriolis
acceleration of the fluid, given by mec(azvlaxat), can be neglected. Also,
since the INPORTs are considered as completely flexible tubes, Eq. (1) becomes
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2
_ _ _ _ 27 937y _ oV
[Ty = PAL(L - 2v) + (my + me)g(2 - x) - mec®] Z (me +me) g5

) (2)
- v _ v _
Ko(mt + mf) 7% (mt + mf) ;;7 =0

2 ([T, - pAL(1 = 2v) + (m, + m)g(2 - x) - m.c2] 2¥]

or, X o ~ Ph¢ t £/9 f X
(3)

A N L
o'My ¥ Mgl 3¢ - My + M Py

The equation of motion may be expressed in dimensionless terms by defining the

following dimensionless quantities:

<|
i
o<

2
- TO - pAf(l - 2v) + (mt + mf)g(l - x) - m.cC )
- (mt + mf)gz

- fiv,

Substitution into Eq. (3) yields
2—
(5)

(6)

Equation (5) can be reduced to an ordinary differential equation by assuming a

harmonic solution of the form



V(E,T) = Re {4(E)Fei®T) (7)

where ¢(&) is a complex function and w is the dimensionless frequency. Sub-

stitution of Eq. (7) into (5) gives
4 (e, @ - i@ oe) =0 . (8)

The solution to Eq. (8) involves Bessel functions of the first and second kind

of zero order,(Z) namely
() = AJ (ME) + BY (A/E) (9)
where
A= (M@ - a2 (10)

For a general solution A and B must be complex constants.

A closer look at the argument of J, and Y, indicates
WE = (43 (T - %) - 4i@(T - ) ]/2 (11)

where the dimensionless tension and frequency are given by

_ 2
Ty = pAf(l 2v) + (mt + mf)gl m cC

T = (mt - mf)g2 (12)




E=/—§-’m. (13)

Finally, the complete solution to Eq. (5) can be expressed as a super-

position of an infinite set of the normal modes of the tube, i.e.,

© jo_ T
Vg, 1) =Re{ ] ¢ (6 e "} (14)
n=1
which also includes the complex constant
X =Xe " (15)

where X, and «, are determined by initial conditions. Here ¢n(€) represents
the eigenfunctions of the tube which must satisfy the boundary conditions of

the problem. For this case
v(E,1) = ¢,(8) = 0 at x =0 and x = & . (16)

Equation (16) can then be used to determine the dimensionless frequencies E%
and complex constants A, and B, of Eq. (9).

For convenience, Eq. (14) has been rewritten so it contains only the real
part. Complex terms can be broken up into their real and imaginary parts by

letting



An = App * 1ALy

By = Bppy + By
(17)

Jo(AnJg) JoR(AnJE) * iJoI(AnJE)

Yo(xnlg) YoR(An/E) * 1'YoI“‘n'/g)

where R and I represent the real and imaginary parts, respectively. Also, let
jw T i(mnT-an)

X e = X e . (18)

Equations (17) and (18) are substituted into (9) and (14). After simplifying

and retaining the real part only
viE,T) = nE; Xn[ARnJoR(An/E) B AInJoI(AnJE) * BRnYoR(Xn/E) B BInYoI(An/g)]
x cos (w1 - o) - X [Ap J 1 (A VE) + A d o(A VE) + Bp Y o (A VE)
+ B Yo (2, 78) ] x sin (w1 - o) (19)
which is the general solution to Eq. (5).
To determine natural frequencies and mode shapes, the eigenfunctions

¢,(€) are required to satisfy the boundary conditions given in Eq. (16). This

results in the following set of equations



ARnJoR(An/EI) - AInJoI(AnjEI) + BRnYoR(AnJEI) - BInYoI(AnJEI) =

L
[en)

ARnJoI(AnJEI)

+

AInJoR(AnJEI) + BRnYoI(An/EI)

+

BrnYor(*n7E1) = 0
(20)
ARndor (An"82) = Arndo1(An782) + BraYor(Aq"82) = BrnYer(An/Ep) = 0

ARnJoI(An/EE)

-+

AInJoR(An/EE) + BRnYoI(AnJEE) + BInYoR(AnJEE) =

I
o

where &, and &, have been used to represent & evaluated at x = 0 and x = £,
respectively. For a nontrivial solution to (20) the n determinants of the

terms multiplying the A's and B's must equal zero, i.e.,

JoR(Xn/EI) 'JoI(AnJEI) YoR(An/EI) 'Yol(xnjgz)
JoI(XnJEI) JoR(XnJEI) YoI(AnJEI) YoR(AnJEI)

il
o

n=12,3,...,
JoR(Xn/EE) "JoI(AnJEE) YoR(AnJEE) 'YoI(AnJEE)

JoI(An/E;) JoR(AnJE;) YoI(AnJEZ) YoR(AnJE;) (21)

The solution procedure, then, involves choosing a value of w, calculating the
argument given by Eq. (11) and corresponding Bessel function, and finally
checking the value of the determinant. After w is found, the relative values
of the complex constants A and B can be determined from (21). This procedure
is repeated until the number of modes identified is sufficient to completely

describe the tube motion.

IV. NUMERICAL RESULTS

An analysis was performed to determine natural frequencies and mode

shapes for the special case of zero damping. Setting the damping parameter,



kK, to zero in Eq. (11), eliminates the imaginary term of the argument. With
the restriction T > 1.0, Jo and Y, are assured to be real. Consequently, the

equations in (20) will uncouple giving the following two sets of equations

ARnJoR(AnJEI) + BRnYoR(Xn/EI) =0
ARnJoR(An/EE) + BppYor(An7E) = 0
(22)
AInJoR(An/EI) + BInYoR(AnJEI) =0
AInJoR(AnjE;) + BInYoR(XnJEE) =0.
From the above, it is obvious that
ARn = Arn (23)
BrRn = Bin
and the necessary condition for a nontrivial solution is
Jor (An7E1 Y or(An7E2) = Yor( 2781 )dgr(2,7E2) = 0 . (24)

Therefore, Eq. (24) is used to define the natural frequencies of the system.
Along the same lines, the eigenfunctions describing the mode shapes can

be simplified to:

330 )

¢ (&) =C [0 (A V) -
n n-~o n ,E——
Yo(>‘n 1)

Yo(xn/&?)] (25)

where C, is an arbitrary constant and can be incorporated into X, in (18).



Equations (24) and (25) have been programmed to cover a range of
tensions, T. Accuracy problems arise when solving these equations since the
arguments of the Bessel functions given in (11) can become "relatively" large.
Therefore, to eliminate the possibility of round-off errors, calculations were
done on a Cray computer. Function subroutines from IMSL were used to calcu-

late J,'s and Y,'s. These allowed arguments in the following ranges

Function Range of Argument
3y << 1.3 x 108
Yo 2.9 x 10737 t0 1.3 x 108

where both single and double precision are supported. Also, the method of
bisection, based on the use of sign changes to detect a zero, was used to
determine the roots of (24).

The first ten natural frequencies computed are shown in Fig. 2. Tabular
values to three decimal places corresponding to these curves are given in
Table 1. Calculations were performed letting T approach 1 since Yo(0) s
negatively infinite. Figures 3-12 show the first ten mode'shapes for dimen-
sionless tensions of 1.1, 2.0 and 3.0. Again Tables 2-4 show the tabulated
values of these mode shapes. For convenience, each has been individually
normalized. Asymmetry is considerably noticeable with the Tlower tensions.
Figure 13 shows the shifts of the maximum amplitude and zero crossing for
modes 1 and 2 due to the nonlinear effects of the tension. Consequently, as

T becomes much greater than the weight the natural frequencies and mode

shapes will approach that of a classic string.
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V. PERTURBATION ANALYSIS

In this section, a perturbation analysis is developed for the equation of
motion of a completely flexible tube which has small gradients in axial
tension and density. The purpose of the work is to provide a limited verifi-
cation of the eigenvalue problem results previously obtained in exact form for
the planar case with a linear tension gradient.

The relevant equation of motion (3) has been presented and is simply

reproduced here in undamped form:

2 1Ty = PAL(L = 2v) + (mg + m)g(2 = x) - mec
2 (26)
- (m +m) =0
et o7

For small axial gradients, the following replacements are made for the effec-

tive tension and total mass per unit length
- _ - 2
(To pA(Ll - 2v) - mcc ) + TIL + 8(x)] (27)

(m, + mf) > M[1 + e(x)] . (28)

t

This problem is generalized slightly with &(x) and e(x), but restricted by
requiring both functions to have very small amplitudes.
The form of the solution used for a typical modal component can be

expressed as

vo(x,t) = [V (x) + mzn a Vo (x)] exp(in t) (29)
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2 _  *2

w, = 0 (1 + bn) . (30)
*

Here Vn(x) and wo represent solutions to the gradient-free problem. The coef-

ficients ay and b, are small order terms and facilitate the development of the

perturbation solution. These equations can be substituted directly into (26)

%i ([T, (1 + 8]V, + T avel}+ uﬁM[l + eIV +Tav ]=0. (31)

This is now expanded

] *2 in ] ) *2 *2
(Tevn + Mo vn) + T, Y a Vo + Te[G(x)Vn] + Mo ) a Vv + Mo [e(x) + bn] v,

(32)
=T[5 800 a vl - e Z[(1 +b)ex)] LoV .

If only first order perturbation terms are to be retained, quantities on the
right side of (32) are neglected; the first pair of terms on the left side is
identically zero. Thus

2

Te[G(X)Vﬁ]I + Mw:Z[E(x) + bn]vn + ) a [TV + Mm:

v]=0. (33)
m¢nmem m

The expression for determining the series coefficients, ap, is obtained

from (33) by taking the product with Vp(x), (p # n), and integrating over the

length
= { * [6 )Vl]n + *2 % d } (*2 *2)
a, = (T, fo (Vv dx + Mo fo e(x)V v dx}/k M(e © - o (34)
Vu( ) - *2 ) . [ 2
where Vr(x) = -w “V (x)M/T_ and k_ fo Vm(x)] dx .
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Using the same procedure, an expression for b, can be developed by multi-
plying (33) by V,(x)
) SOV IV dx - (/) S ety
bn = Te Mknwn \ XWo 'V, dx kn . e(x Vn dx . (35)
When €(x) and &(x) are specified, ap, and b, can be calculated from (34) and
(35).
The preceding analysis is now specialized for the problem in which the
mass per unit length is constant and the tension varies linearly. The axial
coordinate, X, originates as at the top with the positive direction downward,

coincident with gravity as in Fig. 1:
M[1 + e(x)] =M; e(x) =0 (36)
Te[l + 6(x)] = Te ¥ W(l - x/2) . (37)

Here W denotes the total tube weight, assumed to be considerably less than the
pretension T,. The zero gradient mode shapes and frequencies are

2 _ 2.2

I 2
Vn(x) = sin nmx/4 w Te/ME . (38)

The modified frequencies from the perturbation solution are obtained by using

(37) in (30)

b, = W/2T, (39)
wﬁ = (T, + W2l Ml . (40)
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Although the formula for calculating b, is lengthy, the result is rather
simple. It should be noted that b, is independent of n and the effect upon
the frequencies is equivalent to replacing the non-uniform tension distri-
bution by its mean value.

The perturbation coefficients for the mode shapes are now determined from

(34) with 8(x) given by (37) and €(x) equal to zero

a = - 2 mnW 1 + 1
m Trz(m2 - nz)Te (n - m)zr (n + m)2

(41)

where m# n, and m,n are both not odd and both not even. With this, the modi-

fied mode shapes can be expressed as

v (x) + 1 aV (x)

nEp MM
(42)
= sin 1% - gw ] 50— | L 5+ L =] sin T2 .
T, m# (m° - %) (n - m) (n + m)
For example, the shape for the fundamental mode is
sin 2% - % (0.1501 sin 23X + 0.0082 sin 2% + 0.0021 sin EX 4 ). (43)

L Te

The exact gravity-gradient solutions for vibration frequencies and mode
shapes previously obtained and the results from the perturbation analysis are,
to a limited degree, complementary. For the mode shapes, the shifts in posi-
tions of maximum amplitude and crossing points, i.e. zeros, are in good agree-
ment. The differences between numerical values for frequencies from the two

solutions are small, particularly for small tension variations. This is
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shown, for example, 1in Fig. 14 where a comparison is made for the fundamental

frequency. The results for higher modes are similar.

VI. CONCLUSIONS

Exact solutions for the mode shapes and natural frequencies of completely
flexible INPORT units have been determined. The major new improvement in the
analysis of this problem is the proper assessment of the axial gravity gradi-
ent. This effect will be significant for INPORTs because of the 1large
distance between supports and the relatively dense liquid metal which they
convey. Results have been developed in parametric form for a range of values
for pretension load and weight. It has been shown that strong asymmetric
changes can occur in the mode shapes, particularly for large gravity gradi-
ents. Similarly, the results show that the numerical values of the natural
frequencies for this problem can also be substantially different than the case
in which the axial weight component is not included.

The exact solution was complemented by an approximate perturbation analy-
sis. When the perturbation solution is used for computations, it should be
limited to categories in which gradient effects are very small. Results for
individual modes may only have small errors but larger errors can develop in
forced response time histories which are based upon modal superposition. Thus
for cases characterized by significant tension variations, it is emphasized
that the exact solution should be used.

Accurate results for INPORT mode shapes are important for the LIBRA cavi-
ty design since these tubes are relatively close-packed and mechanical inter-
ference from motion must be avoided. Similarly, accurate values for the

INPORT natural frequencies are important in the development of a design which

15



precludes resonance from synchronization with the repetition rate of the

driver.
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Fig. 1. Tube geometry and coordinate system.
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Fig. 2. Natural frequencies of heavy tubes.
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Mode shape 1 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 3.
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Mode shape 2 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 4.
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Mode shape 3 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 5.
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Mode shape 4 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 6.
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Mode shape 5 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 7.
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Mode shape 6 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 8.
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Mode shape 7 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 9.
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Mode shape 8 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 10
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Mode shape 9 for dimensionless tensions of 1,1, 2.0 and 3.0.

11.

Fig.
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Mode shape 10 for dimensionless tensions of 1.1, 2.0 and 3.0.

Fig. 12.
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