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I. Introduction R }

The University of Wiscénsin fusion gtudy group has been
investigating CTR feasibility for a Tokamak reactor(l). This paper
is concerned with the optimization studies that have been carried
out as a part of this program. The present paper differs from

previous work(2’3)

in several ways: (1) it starts from an existing
conceptual design, éZ) it limits Bﬁ to /K, (3) it optimizes both
the power and, more importantly, the cost per unit power. Only
relative costs will be discussed since absolute costs depend on

the plasma assumptions, fueling and heating schemes, and technology
advances.

The first sqction will discuss power maximization and minimum
cost with respect to the plasma radius for a fixed major radius.
The sccond section will add the constraint of fixked power and the
third section will consider the additional constraint imposed by
the air or iron core trﬁnsfdrmer.

It will be shown that the core constraint makes the cost

relatively independent of the maximum magnetic field strength

for reactor powers greater than 5000 megawatts thermal and that the cost

actually increases with magnetic field strength for reactor powers
less than 5000 Mw. As a result, the maximum magnetic field strength

should be determined by the desired neutron wall loading.
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1I. Optimization with Respect to the Plasma Radius for a Fixed
Major Radius

The power is expressed by the following:

2
(la) P =¢£ %— <gv> Q 2n2a?r ' ’

. where n is the ion density, <ov> the fusion reaction rate, Q the amount
of energy per fusion event, a and R the plasma and major radius, respectively,
and £, a factor to account for the ion spatial profile in temperature

and density. For a B- limited reactor, this expression becomes

(lb)l P =

Using the relationship BtR = constant and the assumption that

B?ax = /A at r = a ylelds

4

B T 5

m . .b _aka
(le) P=c -7 (-3 -3 32

with

2¢ <ov>
c = n°f <ov g

o 32 po’k’r
and where Bt is the toroidal magnetic field at the plasma axis and
Bm is the maximum field &alue at the superconductor. Here A 1is the
aspect ratio =-§, Tb is the vacuum gap plus blanket and shield thickness,
and Bp is the ratio of particle pressure to poloidal magnetic field
pressure. The stabllity factor, ¢, is defined as the reciprocal of

the rotational transform angle i; q = %ﬂ-= L B

The Tokamak
geometry is shown in Figure 1.
max
The present study uses the conservative limit Bp = YA which,

if the bootstrap current materializes, will enable Tokamaks to operate

steady state. The analysis will also assumc a fixed value for T which



implies the temperature is independent of variations in the other
parameters or that the other parameters can be varied to maintain the

(4), in studying steady-state

temperature at the desired value. Conn
solutions for Tokamak systems using self consistent energy balaihce and
diffusion equations, has found the temperature to be very insensitive
to variations in the plasma radius for operating temperatures of 10-15
keV. While the fixed temperature assumétion is no longer valid for

operating temperatures above 30 keV, the conclusions of chis‘paper‘are

stlll found to be qualitatively correct.

By maximizing (lc) with respect to the plasma radius, a, the
T

maximum power 1is found to occur at a =-% R(1 - E?). The maximum
power is given by
4
; B T, 9
max m h 4.4.5.5 3
(2) p = C, q,, 1= () (9) R

The reclative powerAas a function of plasma radius is shown in.
Figure 2a which is a plot for a reactor having R = 12,5m and T = 2.5m,
parameters from Reference 1. As will be shown in a later section,
core space limitations as well as neutron wall loadings may limit
the plasma radius to values less than the unconstrained optimum.

To minimize the relative cost/power, the following assumptions
appear justified

(1) the cost of the reactor is primarily the magnet cost

(2) the magnet cost is proportional to the energy stored in
the magnetic field, Es.

& 0.8

Lubell )has shown that the magnet cost 1is proportional to ES and

(6)

Boom has shown, for more limited cases, that the cost is proportional
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to Esl'z. The stored magnetic energy can be expressed as

- 5
(3a) E - 8283 [1—/1—(1“1)]
s t R
and approximated by

2 2 2
(3b) E8 Bt er Bm (R rm] -

where r is the magnet inner radius and is equal to (a+rb)., The
approximate expression is accurate to 10% for rm/R ratios less than
0.7.

Combining (3b) with (lc) the cost per unit power can be

expressed as

2.5
C1 rm R

2 4 2
Bm q (R - rm) a

(4) Cost/Power = K = -

This expression can be minimized with respect to the plasma radius, a,

and a minimum found where

' . Ot |
(5) a™t =N+ =29 -1

min
9R b
Figure (2b) shows the variation of K with "a". These studies have
indicated that the optimum aspect ratios aré found to have values
between 1.7-2.5.

The variation of power and cost per power as a function of the
major radius, R, is shown in Figure 3. It can be seen that while the
power increases by a factor of eight in going from R = 1l0m. to R = 15m.
in accordance with equation (2), the cost per power decreased by only

a factor of two. Therefore, there is little economic gain in building
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Tokamak reactors with R > 15m.

| |
The' same analysis has been done for the limit Ep = A with similap

conclusions.

III. Optimization for a Fixed Power

We now look for a set of reactor parameters (R,a) that minimizes
the cost (the stored magnetic energy) subject to the constraint of fixed
power. We choose a major radius, R = aA, solve the power equation (1c)
for the plasma radius, a, and then calculate the stored magnetic energy,
Es, glven by equation (3b). We‘repeat the procedure, generating a
locus of constant power points in the (R,a) plane and look for a minimum
in Es' Figures 4, 5, and 6 show the variation of Cost/Power vs. Aspect
Ratio at a fixed power of 5000 Mw for different values of Tb’ the blanket
and shield thickness; Bm, the maximum magnetic field at the superconductors;
and, q, the stability factor. A minimum can be found and as shown in
the figures, occurs at aspect ratios 1.6-1.7. This minimum in the
aspect ratio has been found-to be independent of the power (1-10 GW),
maximum magnetic field strength (6~20 T), and thickness of blanket and
shield (l.Sm.—Z,Sm.). The use of the more accurate expression for Es
makes the minimum more pronounced.

A plot of neutron wall loadiung, in,/is shown in Figure 7 for
two values of the stability factor, q. . The peak in the neutron wall
loading occurs for aspect ratios 2.5-3.5 over a wide range of power,
magnetic field, and blanket-shield thickness. It will be shown in the
next section that the core constraint forées the parameters for the

optimum cost reactor to be close to the maximum neutron wall loading.
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A plot of the minimum cést/powerVat three power levels, as a
function of maximum magnetic field strength at the suéerconductors
ig shown in Figure 8. The cost decreases monotonically with magnetic
field. This behavior is altered dramatically wbén a core constraint

18 imposed as described in the next section.

- IV, 'Optimization at_a Fixéd Power with Core Constraint

Since all Tokamaks require an air or iroh‘core transformer to
create the toroidal plasma current, space must be provided for this
transformer, 1its windings and the toroidal magnet windings. The

following constraint must be satisfied

(6) r +H+T +alR

b
where r, is the fadius'of the transformer windings; H is the cémbined
thlckncss of’tha primary qnd toroidal magnet windings, Ty is the
vacuum gap plus‘blankét and shiéld thickness; and "a" the plasma
radius (see Figure 1). For an air-core superconductor winding,

(7)

r  can be computed as follows™ 7.

2 —3 =
(7) r, BSp @c 1/2 Lp Ip

where BSp is the superconducting primary field and Lp, Ip are the

plasma ring inductance and current, respectively. Since

(8)\ B 3‘.!9_].:.{1_. " ..I}.L.

P 2ma qA
and
(9) Lp = jjoR(In 8A - 1.75)
then :
B (R~r )
_ ..m m _ 1/2
(10) roos a[-aT§~—- (In 8A - 1.75)]

sp
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For the family of (R,a) generugcé in ;hc:prcvious section, the (R,a)min
is chosen that satisfies the constraint expressed by Equation 6.

The effect of the core constraint is to increase the minimum cost, move
the minimum cost reactor to higher aspect ratios and to introdude an
aspect ratio dependence on magnetic field strength; the larger the
magnetic field, the larger the aspect ratio for minimum cost.

Figure 9 shows these trends. For power levels less than 5000 Mw(th),
the cost/power actually increases with magnetic field strength. By
comparing Figure 9 with Figure 8, it can be seen that the cost_of a
1000 Mw(th) reactor is a factor of three higher and the 10,000 Mw(th)
reactor 50% higher at 12T because of the core constraint, Physically,
the larger magnetic field strength requires smaller major and plasma
radii to satisfy the power constraint. In order to satisfy the core
constraint, a sct of (R,a) values must be chosen that is far from
optimum. A similar plot for a larger stability value, q = 1.75, is
shown in Flgure 10. The sahe qualitative behavior exists except it

is not as severe as for the q = 1.5 case. However, when q = 2.5,

the core constraint has only a small effect. In this case, since the
power is dnversely proportional to qa,‘a larger major and plasma radius
must be chosen to satisfy the power constraint. This larger (R,a) more
easily satisfies the core constraint but the cost/power is more than
twice the q = 1.5 case.

The core constraint has also moved the minimum cost reactor to
higher neutron wall loadings. Materials studies ha§e indicqtcd that
the neutron wall loading may be the limiting constraint in the desigﬁ
of a power reactor. In both Figure 9 and Figure 10, the neutron

wall loadings are shown in parenthesis.
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Figure 11 and Figuré 12 show the sensitivity of the resultsito
variations in the blanket-shield thicknéss and primary and toroidal windings,
respectively. The absolute cost/power is very sensitive to these
variations because the smaller thickness allows the same magnetic field
on axis for a lower field at the magnet and consequently, a lower
cost. Also, the same behavior with magnetic field exists as in Figure 9;
for the 2000 Mw recactor an increase in cost for an increase in magnetic
field while the cost of the 5000 Mw reactor is almost independent of
the field. Since it 1s unreasonable to expect blanket~shield plus
vacuum gap plus insulation thickness to se less than 1,5m. and Since
the toroidal plus primary windings thickness»will be at least 1 m., the
present results are reallstlc.

Some typical parameters for a 5000 HMw (th) reactor operating in the

10-15 Kev range avxe shown in Table I.

V. Summary and Conclusion

Using the University of Qiannsin»conceptual design for a Tokamak
reactor, we have attempted to optimize the cost/power subject to two
constraints - f1ixed power and core space., It has been found that the core
constraint significantly Increases the cost for power reactors less than
5000 Mw(th). Further, the cost/power is relatively independent of the
maximum magnetic field strength for reactor powers greater than 5000 Mw(th)
and the cost actually increases with increasing magnétic.field for reactor
powers less than 5000 Mw(th). These results coupled with the neutron wall
loading constraint imposed by matérial damage considerations will limit

the maximum magnetic field strenght.



Also, the rcactor should be designed with the smallest
blanket-shield consistent with tritium breeding and energy deposition
and with the smallest windings consistent with stress and field

considerations.
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T (meter)
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Table I

5000 Mw Tokamak Reactor
(H=2.0 m.)

8.6 8.6 8.6 9.5 7.5
1.5 2.0 2.5 2.5 2.5
1.5 1.5 1.5 1.75 1.75
2.5 2.5 2.6 2.4 2.1
4.0 4.4 5.6 5.2 7.0
10.0 10.9 12.0 12.3 14.8

1.8 1.5 1.3 1.15 0.7

ss 75 loo 125 130

TPSE
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FIGURE CAPTIONS

Tokamak Geometry where R = major radius, a = plasma radius,
Tb = vacuum gap plus blanket plus shield thickness, T, =
radlus of air or iron core transformer, and h = thickness

of primary and toroidal field coils.

(b) Cost per power vs.
= 2.5m.

(a) Power vs. plasma radius, a

plasma radius. Both curves for R = 12.5m, T

b
(a) Power vs. major radius R plotted at pra¥

per power vs. major radius plotted for amin.

(b) Cost

4 - Cost/Power vs. Aspect Ratio for P

and Tb = 1.5m. for two values of Bm

5 - Cost/Power vs. Aspect Ratio for P

»

it

5000 Mw(th), q = 1.5
8.6T and 12.0T.’

5000 Mw(th), q = 1.5

10 ~ Cost/Power vs. Magnetic ¥ield with core constraint for q = 1.75,

12 - Cost/Power vs.

and Tb

Cost/Pdwer vs. Aspect Ratio for P = 5000 Mw(th), T, 2.5m.

= 2.5m. for two values of Bﬁ, 8.6T and 12.0T.

Neutron Wall Loading vs. Aspect Ratio for P = 5000 Mw(th),

Bm = 8.6T, T = 2.5 for two values of q, 1.5 and 1.75.

Minimum Cost/Power vs. Magnetic Field with no core counstraint

= 2.5m, and P = 1000 Mw, 5000 Mw, 10,000 Mw,

for q = 1.5, Ty

Cost/Power vs. Magnetic Field with core constraint for q = 1.5,

Tb = 2.5m, H = 2.0m and P = 1000 Mw, 2000 Mw, 3000 Mw, 5000 Mw,

10,000 M,

Teutron wall loadings in are given in parenthesis.

-

Tb = 2.5m, H = 2.0m and P = 1000 Mw, 2000 Mwv, 3000 Mw, 5000 Mw,

10,000 Mw. Neutron wall loadings in are given in parenthesis.

11 - Cost/Powe; vs, Magnetic Field with core constraint for q = 1.5,

H=2.0, P = ZOOQ‘Hw,\SOOO Mw for two values of Tb’ 1.5m and
2.5mn.

Magnetic Field with core constraint for q = 1.5,

Tb = 1.5m. at P = 1000 1w, 5000 Mw for H = 1.0m, 2.0m, 3.0m.
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