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Introduction

Most cavity designs that have been proposed for inertial confinement
fusion anticipate a background gas or vapor in the chamber originating from
one source or another. The atom density might range anywhere from about
3.5 x 1012 atoms/cm3 (10-4 Torr at 273°K) for heavy ion beam drivers, up to
about 3.5 x 1018 atoms/cm3 (100 Torr at 273°K) for 1ight ion beam drivers.
Although the response of a high density gas to a pellet explosion has already
been studied(l), the response of a Tow density gas has not been adequately
assessed because the methods of analysis used for a high density gas are
inappropriate. The purpose of this report is to describe some of the tools
necessary to analytically predict the radiation transport and gas motion of a
low density gas in an ICF chamber.

The definition of a Tow density gas as the term is used here refers to a
gas that is transparent enough to radiation that gradients in the radiation
energy density relax faster than gradients in the gas pressure, i.e., a front
of radiation travels faster than the speed of sound. This condition precludes
the use of Tay]or's(z) theory of shock waves because the radiation energy be-
comes decoupled from the gas motion. With this decoupling, the conditions
required for a blast wave are not met and the only significant gas motion is
from the momentum imparted by the debris. Momentum conservation is used in
this study to derive a simple expression for the gas motion that applies if
the debris pushes on the gas 1ike a piston. The parameters that determine
whether the debris will push on the gas like a piston or simply stream through
it are identified and the analysis is carried further using energy conser-
vation to derive an exbression for the heat flux originating from the debris

driven shock. When the gas and debris satisfy the conditions that are



outlined below, the expressions presented here can provide a first estimate of
the gas motion and heat flux.

Computations from the analytic expressions derived here are compared to a
numerical solution of the radiation hydrodynamics equations that includes the
interaction of the expanding pellet with the gas. The numerical solution pro-
vides a greater degree of detail than the analytic equations but is relatively
expensive to use. The equations derived here are only meant to provide first
estimates of the gas motion and heat flux, as well as indicate general trends.

Conservation of Momentum

When the pellet is in a compressed, high temperature state, a fraction of
the thermonuclear energy released by the fuel is manifested in internal
energy. This internal energy is quickly converted to kinetic energy as the
pellet expands with what is assumed to be spherical symmetry. The average
radial momentum of the expanding debris, Mquqs varies with time due to inter-

actions with cavity gas atoms. It follows from momentum conservation that

MyUde = Mylg + Mgl (1)

where uq, denotes the initial debris speed and mgug is the momentum trans-
ferred to the gas. It is assumed here that the momentum imparted to the gas
causes the debris to act as a spherically expanding piston, pushing ahead a
compressed layer of gas as shown in Figure 1. If the debris does not pene-
trate very far into the compressed gas then the speed of the compressed gas

layer, Ug> is nearly equal to that of the debris, or
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where © is the speed of the debris-compressed gas interface.

The speed of the ambient gas-compressed gas interface, R, will now be
expressed as a function of r. As the pellet begins to expand, R will be much
greater than the sound speed of the gas, implying R is the position of a
strong shock. The Hugoniot equation for a strong shock in a perfect gas with

constant specific heats requires that

P2 +1

p]_ ‘,Yj' 9 (3)

where y is the ratio of specific heats. Writing conservation of mass flux

across the shock front as
oR = o, (R - 7) (4)

and combining this with Eq. (3), the speed of the debris-compressed gas

interface can be related to shock speed by
f .2
Since y is always greater than one, R is always greater than r.
The last relation required to solve Eq. (1) for R as a function of time
is Found by noting that the mass of the compressed gas zone, Mgs is related to

R by

4 53
mg“"g"’erl . (6)



Now combining Eqs. (1), (2), (5) and (6), the equation for the shock speed as

a function of position is found to be
2 4 3
wT R Mg + 37 R0y ] = myuy, (7)

As the debris sweeps out an increasing mass of gas, the shock strength
will weaken, meaning the pressure ratio across the shock front will decrease.
Equation (3) becomes invalid for weak shocks, causing Eq. (7) to incorrectly
predict that R will eventually become less than the speed of sound, c. It
would seem desirable to extend this analysis to include weak shocks by using
the general form of the Hugoniot equation instead of Eq. (3). Unfortunately,
the general form introduces algebraic complexities that make it impossible to
express r explicitly in terms of R, as was done in Eq. (5). Hence, it is only
possible to find an analytic description of the gas motion as long as the
pressure ratio across the shock front is greater than ten, so that Eq. (3)
holds true.

As long as R is much greater than the sound speed, the shock position as
a function of time is found by integrating Eq. (7), resulting in

2 R [ T 3 Pl

L ER A L (8)

;IT-udo my
An alternative description of the response of a lTow density gas to the
pellet expansion was given by Freiwald and Axeford.(5) That analysis extends
the range of Taylor's blast wave theory to low density gases by including the
pellet mass in the analysis. However, Taylor's approach applies only if the

gas motion has the property of self-similarity, meaning the partial



differential equations of mass, momentum, and energy conservation can be
reduced to a single, ordinary differential equation by a transformation to
similarity variables. A suitable similarity variable will not exist if the
shock is transparent to the radiation emitted by the zone of compressed gas,
and a self-similar blast wave will not form. If the shock is transparent to
the emitted radiation, then the gas motion is best described by Eq. (8).

A parameter in Eq. (8) that is often difficult to specify is the adia-
batic constant, y, which is temperature dependent. A monatomic gas with only
translational degrees of freedom has y equal to 5/3. At higher temperatures
the ratio of jonization to translational energy increases and y decreases to a
value between 1 and 5/3. At even higher temperatures, where ionization energy
is again small compared to translational energy, y once again approaches 5/3.
Since photons emitted by the pellet heat the cavity gas before the shock
passes through, the state of the gas must be estimated before choosing v.
Knowing the bounds on the value that y can have, the maximum error in com-
puting the shock position from Eq. (8) that can be made by an improper choice
of y is no greater than 25% for a monatomic gas.

The value chosen for y can strongly affect the reflected overpressure
computed at the wall, P.. For strong shocks one finds Pr is related to the

pressure of the compressed gas layer, Po, by(6)

= 3y=1
PPy (9)

Equation (9) can have an uncertainty greater than 100% if y is not accurately

known. By carefully estimating the jonization state of the gas ahead of the



shock, experience shows that the uncertainty introduced into Eq. (9) can be
reduced to less than about 20%.

If the debris streams through the gas rather than acting as a spherically
expanding piston then no debris driven shock wave will ensue. The parameters
that influence whether the debris will drive a shock or stream through the

compressed gas can be identified by first writing energy conservation as
mul =dm 4 aKE + AINT (10)
2 ddo 7 "dd g g °
where AKEg and AINTg represent the change in kinetic and internal energy of

the gas, respectively. Combining Eqs. (1) and (10) reveals something about

the propensity for a debris driven shock to occur, which can be studied by

writing
2 2
AINTg _ mg(udo uy) = (1)
AKE 2 :
g mylugemtg)

The ratio on the left hand side will have a value near zero if there is a
debris driven shock, and values around one or greater if the debris stream
through the gas. The mass of gas through which the debris will traverse, My
can be computed from the final range of the pellet ions in the gas, r. At

the end of range, uy = 0 and Eq. (11) becomes

*3
AINT dnp,1r

g = 1 - 1 .
AKEg 3 My

(12)

Thus the pellet mass, gas density, and projected range of the debris can be

used to deduce whether or not a debris driven shock will occur. The value of



the range, r*, used in Eq. (12) should be that computed for a projectile
slowing down in a stationary gas. If the ratio on the right hand side of Eq.
(12) is much Tess than one or negative (negative values imply outward radial
deformation of the gas has extended the range beyond the value chosen), then a
debris driven shock can be expected.

Energy Conservation

Assuming the expanding debris forms a debris driven shock, an expression
for the heat flux emitted by the shock heated gas, §, will now be derived with
the aid of the volume element shown in Figure 2. The Newtonian reference
frame of the element is fixed to the shock front. The following derivation
makes use of the fact that the rate of change of the shock speed is small com-
pared to the deceleration of the gas passing through the shock front. This
assumption permits a steady state analysis.

Conservation of energy in the element requires that
1.1

= (e, +—+ RZ) R - (e, + EZ,+ 1 (R - F)z) (R - r), (13)
g 1 P 2 °1 2 Py 2 P2 >

where e denotes specific internal energy and the subscripts denote the proper-
ties in regions 1 and 2 shown in Figure 2. Equations (3), (4) and (5) reduce
Eq. (13) to

P 2 g2 P ’
q = [1;;17- + (e1 +-3— - e2)] R - (14)

2
If the shock front is opaque to radiation emitted by the zone of com-
pressed gas, then q is negligible and Eq. (14) relates eo to R. The tempera-

ture profile of the gas is shown in Figure 3(a) for such a shock, which is
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referred to as a subcritical shock. Taylor's blast wave theory or Freiwald
and Axeford's extension of that theory is applicable to subcritical shocks.

If the shock is not quite opaque, but instead is partially transparent to some
of the radiation, then none of the terms in Eq. (14) can be neglected. This
occurs when the radiation mean free path at the shock front is larger than
about a fraction of a centimeter. The temperature profile for this case may
Took like that shown in Figure 3(b), which is called a critical shock because
radiation has heated the gas temperature ahead of the shock to the temperature
behind the shock. A detailed analysis of this case requires an equation of
state for the gas, a radiation transport model, and a computer to solve the
radiation hydrodynamics equations.

There is yet a third "mode" for Eq. (13), one that will apply to debris
driven shocks that are completely transparent to radiation emitted by the gas.
The temperature profile for this type of shock, which is called a super-
critical shock, is seen if Figure 3(c). Since the internal energy of the com-
pressed gas zone is negligible compared to its kinetic energy then the term

involving R can dominate the right-hand-side of Eq. (14), leaving

(15)

Equation (15), which can be evaluated using Eq. (8), can be used to compute
the heat flux at the wall once the thermal front has reached that point. For

a spherical wall positioned at Rys the heat flux from the shock is

. 2 3 R 2
= R . (16)
q (‘Y'+'1_?‘) p 1 (‘R'—w )

11



The concepts and expressions developed thus far will now be illustrated by way
of examples.
Examples

The expressions describing the motion and heat flux of a debris driven
shock will be compared to a numerical solution of the radiation-hydrodynamic
equations that includes the effects of the debris-gas interaction. A descrip-
tion of the FIRE code used for the numerical solution is given e1sewhere.(3)

An argon cavity gas that contains 0.2 atomic percent Na and a density of
1015 atoms/cm3 (2.8 x 10-2 Torr at 273°K) was chosen for the examples pre-
sented here. A total of 15 MJ of 0.3 keV blackbody x-rays was assumed for the
spectra of pellet photons. The resulting energy deposition profile in a 4
meter, spherical cavity is shown in Figure 4. The temperature profile of the
gas, also shown in Figure 4, was computed using the FIRE code and an equation

of state for the gas.(7) Y, the adiabatic exponent, was estimated using

Y=H"1e1
where the thermodynamic parameters were evaluated after the deposition of
pellet photons. The average value of y throughout the cavity is about 1.12
for this example, and the average charge state of the gas atoms is on the
order of +1.

The x-ray deposition calculation showed that only 2.5 MJ of the pellet
photon energy is absorbed by the gas. The unattenuated photons are absorbed
within the first few microns of first wall material over a time on the order
of one to tens of nanoseconds. The resulting heat flux is hundreds of mega-

watts per square centimeter (6.2 J/cmz).

12
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The pellet debris chosen to illustrate the use of the analytic expres-
sions derived in this work is one gram of iron possessing 15 MJ of the thermo-
nuclear energy released. The energy of each debris ion is 15 keV. From the
gas density, pellet mass, and an estimate of the debris range in the Argon
gas, (71 cm), Eq. (12) can be used to predict the likelihood of a debris
driven shock. For the parameters given above the ratio of internal to kinetic
energy computed by Eq. (12) is negative, implying a debris driven shock will
occur. Predictions of the shock position as a function of time from Eq. (8),
the FIRE code, and reference (5) are compared in Figure 5. Equation (8) ini-
tially predicts a swifter shock than the FIRE code because its derivation
assumes all the debris energy goes directly into kinetic energy of the gas,
whereas the numerical solution accounts for the small fraction that goes into
internal energy. The internal energy component becomes part of the super-
critical wave of radiation radiated ahead of the shock, and is not coupled to
the shock motion. At later times Eq. (8) predicts a slower shock than the
FIRE code because it fails to Timit the speed of the disturbance to the sound
speed, c, which the FIRE code estimates to be 3 x 10° cm/sec at the wall.
Equation (7) predicts the shock speed at the wall will be twice this value,
which is close enough to ¢ to expect that Eq. (7) will underestimate the shock
speed. Figure 5 shows how this results in an overestimation of the time to
reach the wall by 20% when compared to the numerical solution. This differ-
ence is carried into the reflected overpressure calculation, which is 0.62
atmospheres from the analytic equations, and 0.82 atmospheres from FIRE. The
FIRE code predicts the duration of the shock reflection at the wall is on the

order of 10'5 seconds,
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SHOCK POSITION VS. TIME
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Figure 5. The shock position as a function of time for three proposed methods

of analysis.

15



The FIRE calculation revealed that for the gas density chosen in this
example the radiation front emitted by the gas moves at a speed much greater
than the debris driven shock. The radiation front reaches the wall about 10-7
seconds after the debris begins its expansion, and the gas is transparent to
any subsequent radiation. Figure 6 shows the heat flux passing through the
shock as computed from Eq. (15) and also from the FIRE code. At small times
the assumption that the kinetic energy term in Eq. (14) dominates over the
internal energy term breaks down, so Eq. (15) overestimates the heat flux.

But for most of the time that the debris drives the shock the two heat flux
curves show the same general behavior. At larger times the numerically com-
puted flux is greater than that from Eq. (15) because the FIRE code accounts
for the fraction of the debris energy that goes directly into internal energy
of the gas, which is then rapidly radiated to the wall. FEquation (15) assumes
all of the debris energy has gone into shock motion.

Figure 7 shows the heat flux at the wall as computed from Eq. (16) and
also from the FIRE code. The reasons for the differences between the two cal-
culations that were given for Figure 6 also apply to Figure 7. Figure 7 also
shows the heat flux during reflection of the shock, where, according to the
FIRE code, almost 2 MJ were radiated to the wall. Equation (16) is valid from
the time it takes the debris to expand out to one meter up until the shock re-
flects off the wall, or from 7 x 106 s to 1 x 1074 s. Analytic expressions
to describe the radiation emitted by a reflected shock have not yet been
developed.

As a second example of the gas response to a pellet explosion, the pellet
mass of the first example was reduced by a factor of 10 down to 0.1 gm while

all other parameters remained the same. The energy per projectile is now 150

16
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keV and the range, assuming the gas is stationary, is 225 cm. The ratio of
internal to kinetic energy of the gas computed from Eq. (12) is one hundred,
so the expanding pellet debris will lose most of its energy while streaming
through the gas. 1In order to bring to light the difference that streaming
makes, this section will close by comparing the gas response to the two
example pellets. Since the analytic expressions will not accurately predict
the gas response to the explosion of the 0.1 gram pellet, the FIRE code was
used for the comparison.

Figures 8(a) and 8(b), which show how zones of constant mass deform with
time, are FIRE results comparing the gas motion induced by the two spectra. A
shock begins to form as the 0.1 gm pellet expands, but after about 107 s the
debris streams through and the shock quickly loses its energy.

The cumulative energy deposited into the gas by the two pellets is com-
pared in Figures 9(a) and 9(b). The curve for the 0.1 gram pellet rises more
rapidly with time due to the greater speed of the debris ions. Also shown in
Figures 9(a) and 9(b) is the energy retained by the gas. The kinetic energy
imparted to the gas by the 1.0 gram pellet is retained longer than the inter-
nal energy deposited by the 0.1 gram pellet, but with time the kinetic energy
is eventually converted to internal energy as the debris driven shock heats
the gas.

Figure 10 shows how the difference between the two spectra affect the
heat flux at the wall. The heat flux is initially greater for the 0.1 gram
pellet since those debris ions increase the internal energy of the gas, which
subsequently radiates, at a greater rate. But after about 6 x 10-% seconds
the heat flux is greater for the 1.0 gram pellet because the kinetic energy of

the shock wave is still being converted to radiation. After the heat flux
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ZONES OF CONSTANT MASS vs. TIME
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TOTAL ENERGY DEPOSITED AND
ENERGY RETAINED BY GAS VS.
TIME
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reduces to about 50 kW/cmz, the two curves are largely the same until the
shock wave driven by the 1.0 gram pellet strikes the wall.
Summary
The primary assumptions used to derive the analytic expression of the
debris driven shock as a function of time are now summarized:
. the debris-gas interface must equal the debris speed; i.e., the debris
must not stream through the gas.
. the debris-gas interface must be moving much faster than the speed of
sound.
. the gas must behave as a perfect gas with constant specific heat.
The first two assumptions will not always hold true, as seen in the examples.
The third assumption should not cause errors greater than a few percent.
The following additional assumptions were used to derive the analytic
expression for the heat flux emitted from the shock:
. @ quasi-steady state analysis can be applied to the shock front.
. the shock must be transparent to radiation emitted from the heated gas.
. the internal energy of the compressed gas must be a small fraction of
its kinetic energy.
The assumption of a quasi-steady state is valid for shocks not undergoing re-
flection and the assumption of transparency to radiation should hold true for
the low density gases being considered here. Finally, if the shock is trans-
parent to radiation, then the kinetic energy of the debris driven gas layer
may be much smaller than the internal energy, and the analytic expression
describing the heat flux emitted by the gas will be applicable.
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