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ABSTRACT

ADVANCED FUSION FUEL CYCLES AND
FUSION REACTION KINETICS

Geoffrey Wen-Tai Shuy

Under the Supervision of Professor Robert W. Conn

Three new effects in advanced fusion fuel cycle analysis—
proper inclusion of large energy transfer collisions, propagating
enhancements, and tail-tail interactions—are investigated and
found to increase the reactivity, to alter energy balance calcu-
lations, and to affect predicted 0 values and ignition conditions.
For example, with the inclusion of these effects, the reactivity
of the catalyzed d-d plasma at Ti = 75 keV can be increased from
21% at Te = 50 keV to 53% at 100 keV relative to the reactivity
neglecting these effects. The fraction of energy given to the
glectrons is likewise influenced. As an example, the fractijon of
a 14.5 MeV proton's energy given to the electrons at 100 keV
decreases from 85% when only coulomb scattering is assumed to 517%
when nuclear scattering is added to the calculation, and decreases
further to 38% when coulomb plus nuclear scattering and tail-tail

interactions are properly included.



Charged particle cross sections required for an advanced
fusion fuel cycle calculation are discussed. Reactions important

for the d-d, d-SHe, d-°Li, p-°

Li and p-llB c}cles are described.
The inclusion of nuclear elastic scattering is found to.be-essen—
tail. Important fusion cross sections and energy ranges where
data is required are identified.

The kinetic equations to describe the velocity distribution
functions for a reacting fusion plasma are studied, and a linearized
model is formualted. A slowing down theory to treat the small
energy transfer range by a continuous theory and to treat the
large energy transfer range by a discrete multigroup energy tech-
nique is developed. Formulae for the power density in propagating
reaction cycles, the fusion probability for an energetic particle
reacting to the background ions, the energy distribution of reac-
tion products, and the power balance equations including injection
power, ash removal and the relativistically corrected electror-ion
rethermalization and bremsstrahlung radiation are derived.

Computer codes including the appropriate kinetic equations,
the fast fusion reactions, and nuclear elastic scattering have
been developed, implemented and are presented along with results.

3 1

;
Steady state analyses on catalyzed d-d, d-"He and p-""8B are com-

pieted. It is found that the p—11

B cycle can ignite if the losses
are due solely to bremsstrahlung and ash removal. The reactivity

for the catalyzed d-d cycle is enhanced by 20% - 40%. Assuming
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perfect ion energy confinement, the minimum electron nTe value

14 45 1.5x10%%

required for ignition is decreased from 9x10
with the inclusion of these effects. The reactivity for the d-3He
cycle is enhanced by 35% - 75%. Assuming perfect ion energy con-
finement, the minimum electron ntg requirement for ignition is

14 t 14

reduced from 9x10 o 1.01x10"". Based on this research, sugges-

tions for important areas requiring additional research are presented.

Date:_ j‘)///?;/{ﬁ? Approved: gﬁ;;z4f}zai/<i3/1fu~_,

Robert W. Conn

Professor of

Nuclear Engineering



ACKNOWLEDGEMENTS

It is on this page that tradition requires homage to those
who have played a role in my program of graduate study. To
associate this work with the abettors could add little credit
to already illustrious credentials while to identify any
detractors would accomplish even Tless.

I must however express my sincere appreciation to Professor
R. W. Conn whose dedication, encouragement, and support made
this work possible. His example and friendship will forever
remain among the most notable of my memories.

I am also indebted to Professor K. W. McVoy, who was able
to demonstrate the utility of the esoteric, for much valuable
guidance in my nuclear physics graduate study; and to Professors
H. H. Barschall, D. W. Kerst, and G. A. Moses with whom any
association can only lead to enrichment.

My fellow graduates also provided additional insight and
support, especially Michael Gordinier. The aid of R. Israel in
portions of the computer programming is also gratefully

acknowledged.

No amount of prose could give proper credit to my most ardent

supporter, my wife Margaret. Her patience, love, and understanding



vi

have provided endurance during a period of tribulation. My
daughter Christina is also to be credited for tolerating periods

of regrettable negligence.

This work is dedicated to my parents for their life time

sacrifices which have made a poor boy's dream come true.

This research has been supported by a contract with TRW, Inc.

and the Electric Power Research Institute.



TABLE OF CONTENTS

Abstract

Acknowledgements

List of Tables

List of Figures

Chapter I
INTRODUCTION . . . . .
I-1. Background . . . . . . . . . ..
I-2. Scope of The Analysis .

Table and Figures .

RETEYENCES v v v v v v v e e e e e e e e e e e e

Chapter II

CHARGED PARTICLE CROSS SECTION REQUIREMENTS
FOR ADVANCED FUSION FUEL CYCLE ANALYSIS . .

II-1. Required Nuclear Data . . . . . . . . . .

II-2. Status of Nuclear Data for Advanced
Fusion Fuel Cycle Analysis .

Table and Figures . . . . « « « « o« o . ..

References . . + v v v v v o o e v w4

Chapter III
FUSION REACTION KINETICS

III-1. Kinetic Equations for a Fusion
Reacting Plasma . . . .

ITT-2. Simplified Model Used in This Analysis.

X1

11
20

22
23

27

40

53

54
56

vii



viii

I[TI-3. Slowing Down Theory . . . . . . . . . . .. . 57

ITI-4. Reactions While Slowing Down . . .

61
II1-5. The Reactivity of a Propagating
Reaction . . . . . . . . . . . ... S
IIT-6. Doppler Broadening and Energy Distribution
of Products from Nuclear Reaction . . . . . . 65
[1I-7. Power Balance Calculation. . . . . . . . . .. 70
Figures . . . . o i o e e e e e e e e e e e e e 72
Reference . . . . . . . . .. .. .
Chapter IV
THE STEADY STATE SIMULATION CODE FOR ADVANCED
FUSION FUEL CYCLE BURN KINETICS . . . . . . . . . .. 75
Table and Figure . . . . . .. e
References . . . . . .« . . o oL o0 0w e 35
Chapter V
THE TIME DEPENDENT SIMULATION CODE FOR ADVANCED
FUSION FUEL CYCLE BURN KINETICS . . . . . . . .. . . g¢
V-1. Computer Code Survey . . . . . . . . . Cee e gy
V-2. Physics Features and Subtle Issues . . . . . . . 83
V-3. Basic Equations of the BAFCO code . . . . . . . 93
V-4. Time Step . . . . . . . . .. R Y
V-5. Nuclear Inelastic Scattering . . . . . . . . .. 100
V-6. Energy Distribution from Nuclear
Reaction Products . . . . . . . . . . . . . .. 100

Figure e e e e e e e e e e e e e e e e e e e e 101



References . . . . . . . « . . .« v v v e ..

Chapter VI
ADVANCED FUSION FUEL CYCLE ANALYSES . . . . . . .
VI-1. New Effects Investigated .
VI-2. The d-SHe Cycle . . . . oo o . . ..
VI-3. The Catalyzed d-d Cycle
VI-4. The p-11B Cycle
Table and Figures . . . . . . . . . . . ... ..

References

Chapter VII
SUMMARY AND FUTURE DIRECTION . . . . . . . . ..
VII-1. Summary . . . . . . . e e e e e e
VII-2. Discussions .
VII-3. Future Direction . . . . . . . . . . . ..

References . . . . . . v v v v v v e s

Appendix

BRIEF ELABORATION ON THE EXPANSION OF THE
BOLTZMANN EQUATION IN A COMPLETE SET . .

Reference e e e e e e e e

102

103
104
106
168
110
112
124

125
126
128
132

- 134

135
140

ix



LIST OF TABLES

Table No. Page
I-1 Potential Advantages of Proton-Based
Fusion Reactors . . . . . . . . . . . . ... 11

II-1 Summary of the Status of Nuclear Data

for Nuclei A<12 . . . . . .. . . .. .. .. 33
I1-2 Summary of the Status of Nuclear Data

for Nuclei A<12 . . . . . . . . . . . . . .. 32
11-3 Summary of the Status of Nuclear Data

for Nuclei A<12 . . . . . . . . . .. .. . 35
I1-4 Parameters for p-llB Resonances . . . . . . . 39

Iv-1 Comparisons of The d-t Fast Fusion
Probabilities due to Large Energy
Transfer Collisions in 50-50 d-t Plasma . . . 33

11

Vi-1 Power Balance for p-""B Cycte . . . . . .. 123



Figure No.
I-1.

I-2.

I-3a.

I-3b.

I-4.

I-5.

I-6.

I-7.

X

LIST OF FIGURES

The proton-deuterium nuclear elastic
scattering cross section after subtra-

tion of the coulomb cross section. . . . .12
Fraction of energy transferred from 3

and 4 MeV a's to produce deuterons with
energy > 1 MeV in a pure d plasma. . . . .13
Fraction of energy transferred from 3 MeV
proton to produce deuterons with energy

> 1 MeV in a pure d plasma. . . . . . . . 14
Fraction of energy transferred from 14.5

MeV proton to produce deutrons with

energy > 1 MeV. in pure d plasma. . . . . 15
Relative reactivity for catalyzed d-d

fuel cycle as a function of electron
temperature. . . . . . . . . . . . . . . .16
Fraction of energy transferred from 4 MeY

a to electrons in pure d plasma, as a
function of electron temperature.. . . . .17
Fraction of energy transferred from 3 MeV
protons to electrons in a pure d plasma,

as a function of electron temperature. . .18
Fraction of energy transferred from 14.5

MeV protons to electrons in a pure d



ITI-1.

II1-2.

Iv-1.

V-1.

VI-1.

plasma, as a function of electron
temperature. .

Cross section data and recommend values
for D(d,n)3He reaction as a function of
deutron energy..

Cross section data and recommend values
for T(p,n)3He reaction as a function of
proton energy..

6

He

Cross section data for Li(p,3He)4

reaction as a function of proton energy..

6 i

Angular distribution of the p+
reaction cross section.

Power balance calculation for advanced
fusion fuel cycles.

Block diagram showing calculation seq-
uence of the BAFSS computer code.

Block diagram showing pnysics features
of the BAFCO computer code..

Stripped distribution of protrons as a
function of energy for p-llB reacting
plasma.

Energy transferred to-electrons by 14.5
MeV protons as a function of electron

temperature in a catalyzed d-d reacting

plasma.

19

37

38

72

73

84

101

112

113



Vi-4.

VI-8.

VI-10.

Neutron production and power density
for d-3He fuel cycle as a function of
3He/d density ratio.

Neutron energy and power density for
d-3He fuel cycle as a function of

3He/d density ratio.

Minimum ntp required for ignition,
assuming perfect ion energy confinement,
for d-3He cycle in different jon
temperatures.

Relative reactivity for d-3He fuel cycle
at different electron temperatures..

Minimum required nt_ for different ion

E
temperatures for the d-3He fuel cycle.

Enhanced reactivity at Ti=75 KeV for
different electron temperatures, cat.
d-d fuel cycle.

Minimum nt. requirement for ignition

E
for cat. d-d fuel cycle, as a function

of ion temperature.

Enhanced reactivity at diferent electron

11

temperatures for p-""B fuel cycle.

114

115

116

117

118

119

120

121

xiii



VI-11.

Increase in <ov> relative to the Maxw-

11

11ian averaged value for the p-""B fuel

cycle, as a function of ion temperature.

122

Xiv



CHAPTER I

INTRODUCTION




CHAPTER I
INTRODUCTION

I-1. Background

Energy is the lifeblood of modern economic systems. Controlled
fusion has the potential to be one of the truly long term sources
of that energy. Since there appears to be only a few long term
solutions to energy needs, the development of fusion power is
clearly imperative. Based on a pedagogical approach, self-consitent
conceptual reactor designs have been studied by several interdisci-

(1-5).

The fusion cycle proposed in these studies is
6 7

plinary groups

the d-t cycle. Since "Li and 'Li are used in the tritium breeding

process, this cycle is also referred to as the d-t-Li cycle. Never-
theless, a large number of light elements will also fuse if the tem-
perature of the mixture is sufficiently high. The potential fusion
fuel cycles can be classified as deuterium based, proton based and
helium-3 based. The deuterium based fuel cycles include d-t, d-d,

d—3He and d—6Lit The proton based fuel cycles include p-11

p-6Li. The d-t cycle has the highest reaction rate for ion temper-

B and

atures below 100 keV. Ignition based on the d-t cycle will be the
easiest to achieve, but it also produces high energy neutrons and a
high level of induced radioactivity. There are fusion reactions

such as p+118 and d+3He which hold the promise for lower levels of

neutron production. The neutrons produced in these cycles are



governed by low probability side reactions. Since the burn scena-

rios based on these cycles would be quite difficult to achieve, they

are referred to as advanced fuel cyc]esfc)
Fusion devices utilizing the d-t-Li cycle will certainly be the

first to demonstrate energy breakeven and also very likely will be

the first cycle for commercial fusion reactors. Nevertheless,

fusion reactors with tritium fuel should be viewed as an intermediate

step in fusion power development. The ultimate goal is to achieve

a reactor based on either hydrogen or deuterium to insure both an

inexhaustible fuel supply and systems with minimum radioactivity.

To preserve this potential, it is essential to maintain efforts to

3 6

develop advanced fuel cycle fusion power based on d-d, d-"He, d-"Li

115 and p-PLi. Minimizing the

or proton based cycles such as p-
plasma deuterium content is a key to a minimum neutron producing
reactor.

The potential advantages of a proton based fusion reactor are

118 or p—sLi are

summarized in Table I-1. First, both fuels in p-
abundant. Secondly, there is 1ittle gaseous radioactivity and no
need to breed tritium. The elimination of tritium breeding and
fueling minimizes problems of tritium management and eliminates in
many cases the need for an intermediate loop in the power cycle.
Thirdly, the neutron level is so low that bulk radiation damage to

materials is not an issue. This will have a favorable impact on

reactor design by permitting improved maintainability, availability



and reliability. Some neutron induced radioactivity will result from
deuteron reactions but this depends on branching ratios. Together
with the absence of gaseous radiocactivity, this low radiocactivity and
tritium level provides particular environmental advantages that will
affect costs, licensing and siting. Fourthly, although the plasma
power density is likely to be lower than that in a d-t reactor with
the same B value (defined as the ratio of plasma presure to magnetic
field pressure), the minimum neutron advanced fuel cycle allows the
magnets to be closer to the reaction chamber, offsetting the need for
somewhat higher fields. Since the energy is released primarily in
charged particles and electromagnetic radiation, the blanket is no
more than the first wall itself. In short, a proton based fusion
reactor would be the fusion analog of a coal fired boiler. Cost
advantages can be gained by reducing the shielding of nuclear quali-
fied equipment and by eliminating systems such as intermediate heat
exchangers, tritium extraction, tritium cleanup, radioactive waste
control and remote handling. Potential environmental advantages can
minimize licensing and éiting issues. These savings can be used to
a degree to offset disadvantages such as lower plasma power density.
Driven by the desire to achieve a reactor design which incor-
porates the advantages stated above, Maxwellian averaged reactivity

(6-8) for advanced fuels and preliminary studies(g"ll)

calculations
for advanced fuel cycle fusion reactor designs have been carried

out in the last decade. The reactivity is a function of



the product of the distribution functions of the reacting species and
the reaction cross section. The reactivity is sensitive to the tail
population, since the cross section is peaked for energies consistent
with the tail of the distribution. A typical fusion plasma tempera-
ture is in the tens to hundreds of keV range, while the reaction pro-
ducts are in the MeV to tens of MeV range. Large energy transfer
collisions of energetic fusion products with background ions will
increase the jon tail population. Using a continuous slowing down
theory for the relaxation of the reaction products (which treats
large energy transfer collision as multiple small energy transfer
collision), could result in an underestimated reactivity. Therefore
the proper inclusion of the large energy transfer collision is essen-
tial. Since the coulomb scattering cross section is inversly pro-
portional to the square of the relative energy of the colliding par-
ticles, a charged particle will transfer its energy via coulomb
scattering preferentially to the species with comparable speed.

Given a large tail population, a charged particle with medium energy
will receive energy from higher energy charged particles preferen-
tially. Neglecting the rethermalization process between tail ions
results in an overestimated energy loss rate. This rethermalization
process between various tail ions will be referred to as a "tail-tail
interaction” throughout this thesis.

I-2. Scope of The Analysis

The proper determination of the potential of an advanced fuel

cycle requires a relatively thorough Titerature surveyonbasic nuclear



data and a study of fusion reaction kinetics, including subtle effects
like fast fusion, nuclear elastic and inelastic scattering, Doppler
broadening of the energy distribution of reaction products, and the
fraction of slowing down energy given separately to the ions and
electrons.

There are three new effects in the analysis of advanced fuel cycles

which have been investigated(12‘14)

and found to increase the reactivity of
the cycles, to alter energy balance calculations and to affect predicted
Q values or ignition conditions. The first effect is the propagation

3He, the energetic p+6Li reaction product,

in the cycles such as p-6Li.
reacts with 6L1 and produces an energetic proton before slowing down;
-these protons can undergo fast fusion again and propagate the reaction
further. The second effect is the enhanced fast fusion reactivity due
to nuclear elastic scattering. Nuclear elastic scattering of the
background fuel ions by the energetic fusion products produces
additional energetic particles which can undergo fast fusion and
further propagate the reaction. The third effect is the enhanced fast
fusion reactivity due to tail-tail interactions which make the tail
fast fuel jons stay longer in the more reactive energy region; resulting
in higher reaction probabilities.

The proton-deuterium nuclear elastic scattering cross section is
shown in Fig. I-1 as a function of proton energy. The coulomb
scattering cross section has been subtracted prior to plotting the

result. The nuclear elastic scattering cross section is typically 1

barn or greater when the incident energy is in the range 1 to 15 MeV.



The average energy transfer per collision is large. For example,
counting only collisions which transfer 1 MeV or more, a 3 MeV proton
in a deuterium plasma with a 75 keV ion temperature is found to
transfer .30% of its energy to the energetic deuterons when the electron
temperature is 60 keV. This fraction increases to ~50% when Te is
100 keV. The fast fuel ions produced from the process undergo fusion
while slowing down, thereby enhancing the reactivity and the propa-
gation of the reaction. Figs. I -2 and I -3 show the fraction of energy
transferred from fast alphas and fast protons to produce energetic
deuterons with an energy greater than 1 MeV. The effect for alphas
at 3 to 4 MeV is smaller than for protons at either 3 MeV because of
the larger coulomb cross section for alphas.

The catalyzed d-d fuel cycle can be used to elaborate the role
of nuclear elastic scattering, tail-tial interactions and propagation

enhancement. The major reactions for this cycle are:

3

d+d + n (2.45 MeV) + “He (.87 MeV) (1-1)

+ p (3.01 MeV) + T (1. MeV) (1-2)
d+t - n (14.06 MeV) + & (3.5 MeV) (1-3)
d+ 3He » p (14.68 MeV) + & (3.67 MeV) (1-4)

The overbars denote fast charged particles. Nuclear elastic events

such as



+d->p+d (1-5)

ot

a+d~>a+d (1-6)

promote fast deuterons from the background Maxwellian distribution. A

few of the propagating sequences in this cycle are:

/ - - \ 3~
5d+d+p+t d+d~>"He+n
F—)+d+a+p (I-']) 3He+d+5+&
- _ - (I-8)
d+d->p+t p+d~>d+p
d+d>3fe+n
d+d~t+p d+d> e +n
t+d->a+n e+ d »a+ P
- . (1-9) ) o (1-10)
at+t+d->d+ a o+d>d+ a
d+d-t+p 3+d-fe+n

As an example, the propagating sequence indicated in set (I-7) produces
fast protons. The fast proton promotes the deuterons out of the
thermal bath; the energetic deuteron then reacts before slowing down,

producing a fast proton, and so on.

The tail-tail jnteractions which alter slowing down, make the
tail fast fuel ions stay longer in the more reactive energy region,

therefore.enhancing the reactivity. The inclusion of these effects



increase the reactivity of the catalyzed d-d cycle at Ti = 75 keV

by 21% when Te is 50 keV and by 53% when Te is 100 keV. The results
are shown as the dashed curve in Fig.I-4. These increases are measured
relative to a standard calculation in which nuclear elastic scattering
and propagating reactions are neglected. The solid curve in Fig. I-4
is the result where the tail-tail interactions are neglected.

Nuclear knock-on events and tail-tail interactions also alter the
fraction of energy given to electrons and ions by energetic fusion
products. The energy transferred to electrons by various fast par-
ticles (a 4 MeV alpha, a 3 MeV proton, and a 14.5 MeV proton) is shown
in Figs. I1-5, I-6 and I-7 as a function of electron temperature. The
dashed curve in each figure is the fraction of the initial energy re-
ceived by electrons when only the coulomb interaction is assumed.

The dash-dot curves in each figure give the analogous result when both
coulomb and nuclear elastic scattering are included. Finally, the
solid curve properly includes the effect of fast jon production by
nuclear scattering and the subsequent slowing down of those ions with
background ions and electrons. The background plasma in all cases is
composed of electrons and deuterium ions. The jon termperature is fixed
at 75 keV. While the inclusion of the nuclear knock-on effect results
in small changes for the 4 MeV alpha particle, a substantial effect is
seen for both the 3 MeV and 14.5 MeV protons. The effect becomes more
important as the electron temperature is increased. Accounting for
both nuclear elastic scattering and subsequent slowing down of knock-on

jons, a 14.5 MeV proton in a 75 keV ion temperature deuterium plasma
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will transfer 79% of its energy to 50 keV electrons compared to 93%
when only coulomb scattering is assumed. At an electron temperature
of 100 keV, the percentage of energy transferred to the electrons
decreases to 51% compared to 85% with coulomb interactions only. The
tail-tail interactions enhance energy transferred to ions even more,
which will be reported in Chapter VI. The effect is clearly impor-
tant in a plasma energy balance calculation. Overall, the net

result is that lower nTe values are required to meet either the
Lawson or ignition condition for the catalyzed d-d cycle, and will be
detailed in Chapter VI.

In Chapter Il a summary of the literature survey on the basic
nuclear data for nuclei with atomic mass numbers less than 12 is re-
ported. A detailed study of the fusion reaction theory, including
the appropriate kinetic equations, slowing down theory, reactions
while slowing down, the reactivity of a propagating reaction, Doppler
broadening the energy distribution from nuclear reactions is presen-
ted in Chapter III. The self-consistent iteration method used to
evaluate the equilibrium density of various species in a steady state
advanced fuel burning plasma is detailed in Chapter IV. In Chapter V
a computer code developed for advanced fuel cycle calculations is
described and compared with existing codes. In chapter VI, advanced
fusion fuel cycle analyses for the steady state burn catalyzed d-d,

3 11

d-"He and p-""B cycles are reported. Summary and suggestions for

future work in this area are made in Chapter VII.
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TABLE I-1

Potential Advantages of Proton-Based Fusion Reactors

Fuels are essentially inexhaustible.

No gaseous radiocactivity.

No fuel breeding requirement.

Simple blanket design - blanket is now just a first wall.

No radiation damage to structural materials.

Safety aspects more similar to coal plants than to nuclear power.

Improved system maintainability and thus, potentially, improved

reliability and availability.

Very Tow levels of induced radioactivity.

Potentially low environmental impact on air poliution, mining,

and long term solid waste disposal.

Potential for good system economics.

A. Balance of plant costs should be similar to coal plant. Nuclear
oriented subsystems are minimized.

B. Fuel costs will be less than for nuclear.

C. Fusion island costs can be greater than for nuclear.

D. No intermediate loop required for safety.



o (barns)

Fig.

0 | ! L »
o) 5 o] 15 20
Ep(MeV)
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CHAPTER 11
CHARGED PARTICLE CROSS SECTION REQUIREMENTS

FOR
ADVANCED FUSION FUEL CYCLE ANALYSIS

II-1. Required Nuclear Data

In order to properly determine the potential of each fusion fuel
cycle, the basic nuclear data for nuclei with atomic mass numbers less
than 12 must be known accurately. The nuclear data required to analyze
advanced fuels include fusion reaction cross sections, reaction rate
parameters such as <ov>, reaction probabilities for fast fusion products
to react with various elements in the background plasma, and nuclear
elastic and inelastic cross sections to determine the energy transfer
from the energetic fusion products to the background ions and electrons.

The reaction rate, R, for two reacting species, a and b, is:
R = fdva jdvb fa(v ) fb(vb) o(u) u (11-1)

where R is the number of reactions per unit volume per unit time, fa
and fb are the distribution functions, o is the reaction cross section,
and u is the relative velocity, u = lVa—Vb]. It is convenient to
write R as N Np<ov>, where the density of species a and b (na and nb)

are found from

n, = i fs (Vi) d\71. (i=a,b). (11-2)
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The reaction rate parameter, <gv>, depends on the form of the normalized

distribution functions f. (v,) = Ly (v.):
iV ng it

a) * (Vb) o(u) u. (11-3)

<1

<ov> = [dv_ [dV %a (

A

If fi<vi) is the Maxwellian distribution,

m. 3/2

(7)) = () exp (-mvi/2kT), (11-4)

the integral in Egn. (1I-3) can be expressed as:

x
<gv> = 4 [u
0

“du (e e (FEDPou)u,  (11-5)

where u is the reduced mass. Using E = 1/2pu2, Egn. (1I-5) becomes

<ov> = /g (¥ Z E o(E) exp (-E/KT) dE.  (1I-6)
The ion temperature in an advanced fuel cycle fusion plasma may
reach 500 keV. One clearly would 1ike to know the reaction cross
section, o(E), up to an energy at least 4 kT (or 2 MeV in the most
extreme case) to analyze fusion reactions among species with a
Maxwellian distribution. In addition, nuclear scattering events between
energetic products and the background Maxwellian can transfer significant
energy (> 1 MeV) to the struck particle thereby promoting it to higher

energy where it is typically more reactive. In short, cross sections



are required not just to an energy of 4-5 kT but to the energy of

fusion reaction products. The p—6Li cycle is particularly useful to

demonstrate this requirement.

The primary reactions of this fuel cycle are:

p + 6Li > 3He (2.3 MeV) +

e + 01 = p (11.3 Mev)

+~p+ 88e (various nuclear levels)

~d (.088 MeV)

Secondary and tertiary reacti

d +%isn+’

d + %> p (4.4 MeV)

d +%Li~p (1.6 Mev)

6, . 3

4He (1.7 MeV)

4

+ 2 'He (2.81 MeV)

+ 'Be (.026 MeV)

ons include:

Be (.42 MeV)

+ L5 (.63 MeV)

+ t + 4He

d + Li>n+ "He + 4He

d + %> 2% (11.2

d + 3He > p (14.6 MeV)

3

MeV)
+ e (4.7 Mev)

d + d > n+ “He (.82 MeV)

d + d - p (3 MeV) +

d + "Be+ p (11.2 MeV)
4

t (1.01 MeV)

+ 2 YHe (2.8 MeV)

d + t = n+ "He (3.5 MeV)

He~> d (9.6 MeV)
t + 3He-+ p+n+t 4He
He + “He~ 2p (5.7 MeV)
He + 'Be~> 2p (4.5 MeV)

t + 'Be> p (4.2 MeV)

+ “He (4.8 Mev)

+ 4He (1.4 MeV)

+ 2 %e (1.1 MeV)

4

+ 2 'He

(II-14a)
(11-14b)
(11-15)
(I1-16)
(11-17)



d +Li+n+2d (2.52 MeV) (11-18)

In addition there are at least thirty side reactions and thirteen

6Li + 6Li exothermic reactions which produce elements from H to 12

C

and neutrons. Many of the fusion reaction products are energetic and
may react with elements in the background plasma prior to completely
sTowing down (fast fusion or two-component fusion events). Inciuding
these fast fusion events is crucial, particularly for cycles that are
propagating. Some important propagating fusion reaction Sequences in

the p-6Li cycle (the fast particle has a bar over the element's

designation) include:

p+0i-e+a 5+ OLi - e + o
Me + BLi>p+ 2 (11-19) ) e +d~p +a (11-20)
5+6Li+3ﬁ—é+u 5+6L1‘+3Fe?+oc
5+6Li+3ﬁ+a 5+6L1+3%'+a
e+ Oi o3+ e [ (11-21) V e+ OLi > d+ TBe { (1112)
a+6u+5+7u a+7ae+5+za
‘5+6L1+3ﬁ5+0¢ 5+6L1'—>3'HE+0L

and there are others. See Eqns. (II-7) through (II-18) for the
energies of the reaction products.

Nuclear elastic scattering of the energetic products with the

26



27

background plasma produces additional energetic particles which can
undergo fast fusion and further propagate the reaction. Therefore,
the reaction cross section for the various channels and nuclear elastic

scattering cross sections are required up to about 20 MeV.

11-2. Status of MHuclear Data for Advanced Fusion Fuel Cvcle Analysis

The Titerature has been examined through October 1979. A1l data
for a given reaction were examined for consistency. In general the
uncertainties or inconsistencies ranged from 10% to as much as an order
of magnitude. Cross sections for some of the reaction branches have
either been partially measured or not measured at all. In the reactions
3He—6L1' and d—7Be, for example, recent measurements at ANL indicate
that the total reaction cross section may be 10 to 50 times larger than
previously reported values. For other reactions, such as 3He with 7Be,
the data are nonexistent.

The status of nuclear data is summarized in matrix form in
Tables II-1, II-2 and II-3 except p-p, p-4He and 4He—4He elastic
scattering data which are well known. The references are listed in
(58, 59, 466-500). The asterisk (*) indicates the reaction is important
for fusion fuel cycle analysis; the check (V) indicates the data for
that reaction are reasonably consistent; While the cross (X) indicates
the existing data are highly inconsistent or have large error bars.
References are given in the parentheses. The numbers followed by MeV
give the energy range over which data have been measured. A Titerature

search for nuclear inelastic cross sections is in progress.

The data for several of the major fusion reactions will now be
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examined in greater detail.

(1) The d+d Reactions
3

d+d-n+ "He 0 = 3.269 MeV (I1-23)
d+d->p+t Q = 4.033 MeV (I11-24)
(461)

Liskien and Paulsen have summarized and evaluated the cross
section measurements for Ed = ,013 - 10 MeV. The data and evaluation
are shown in Fig. II-1. This is adequate for fusion fuel cycle
analysis.

(2) The p+t Reaction

t+p>n+ He 0 = -.764 MeV (11-25)

Cross section measurements have been evaluated by Liskien and

(462) The angular distribution measurements are inconsistent

Paulsen.
with one another. Most of the integrated cross section measurements
are within 15% of the recommended values. Experimental values for
Ep = 1.0 - 10 MeV are shown in Fig. 1I-2. This data is adequate for
fusion fuel cycle analysis.

(3) The d+t Reactions

t+d>n+a Q = 17.590 MeV (11-26)

There has been only one measurement since 1960. The cross section

(463) and indications are that a number

measurements have been evaluated
of reported angular distributions are not satisfactory at energies
above 5 MeV. Most of the integrated cross section measurements are
within 10% of the recommended values. In general, the data is adequate

for fusion fuel cycle analysis.



(4) The d+°He Reaction

Me+d>p+a Q = 18.35 MeV (11-27)

There have been no measurements since 1960. A pronounced resonance

29

occurs at Ed = 430 keV with T < 450 keV. The experimental data disagree

in the neighborhood of this resonance (~25%). However, analysis by

(464)

Hale suggests that the recommended values are very good. Thus,

the cross sections are adequate for fusjon fuel cycle analysis.

(5) The 3He+3He Reactions

e + He » p + OLi Q = 10.890 MeV (11-28)
- p+ta
3e + JHe » 2p + a Q = 12.86 MeV (11-29)

A study of the proton spectrum indicates that the reaction proceeds
mainly via a direct mechanism and the 5Li channel. However, the

branching ratio is not firmly established, particularly at low energy.

(6) The p+6Li Reaction

i +p>He +a Q = 4.023 MeV (11-30)

The cross section measurements for Ep = ,14-3 MeV by Elwyn et a].(197)
appear to be definitive. The earlier measurements are inconsistent
with one another as shown in Fig. II-3. Cross section measurements
for Ep = 3 to 12 MeV have been made recently by Gould et a].(198)
The measurements for Ep = 62 to 188 keV deviate from an S-wave Gamow

plot above ~130 keV.



(7) The d+6L1 Reactions

d+ 0% +n+ e Q = 3.380 MeV
> p+ L Q = 4.026 MeV
+p+t+a Q = 2.561 MeV
>0+ SHe + o Q = 1.796 MeV
-+ 20 Q = 22.374 MeV
The recent measurements for E, = .1 - 1 MeV by Elwyn et al. (

d

214)

(I1-31)
(I1-32)
(I1-33)
(I1-34)
(I1-35)

are

definitive. Other measurements differ sharply with one another, even

in recent experiments.(218)

are needed for a complete analysis.

3

(8) The SHe+®Li Reactions

6L1 + 3He +p + 8Be(g.s.)
- 20
8
+~ p + “Be(2.94)
+ 20,

~p + 5Be(11.4)

> 20
8
+ p + “Be(16.63)

+> 20

¥
=
+
o
4]
—
—t
[@)]
\Xo]
[pS]
—

= 16.787 MeV

= 13.847 MeV

= 5.387 MeV

= ,157 MeV

= -,1325 MeV

= ~-.853 MeV
= 16.88 MeV

) = 14.91 MeV

Cross section measurements for Ed > 1 MeV

(I1-36)

(I1-37)

(I1-38)

(11-39)

(11-40)

(I11-41)

(11-42)
(II-43)
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~d+ e 0= .1126 MeV (11-44)
> d + 'Be(.43) Q= -.31 MeV (11-45)
> 2p + 7L Q = -.468 MeV (11-46)

A measurement is in progress by A. Elwyn et al., at the Argonne

(465)

National Laboratory. The earlier measurements are not complete.

At least 5 nuclear levels in 88e can be excited. It is expected that
the reaction cross section to all branches will be at least a factor

of 10 larger than those now known. For example, at E = 3.5 MeV,

(245) g He
measured g, ~ 10-12 mb for the “Be (g.s.) branch,

9, % 55 mb for the 88e(2.94 MeV) branch and estimated o, Z 42 mb for

Gould et al.

the continuum breakup reaction, Elwyn et al., indicate values could be

8 8

0, Z 30-50 mb for the “Be(16.63 MeV) branch, g, 2 20-40 mb for the “Be

(16.9 MeV) branch and S Z 400 mb for the d + 7Be branch.

(9) The d+'Be Reactions
There have been no measurements since 1960, since 7Be does not
exist. d + 7Be reacts via the same compound nucleus as 3He + 6Li.

Therefore, it will have the same reaction channels as 3He + 6L1 except

for egns. (II-44) and (II-45). Since the existing data are only for
the eqn. (I1I-36) and (I1I-37) branches, measurements for each branch
stated above are required. However, in lieu of an experimental deter-
mination of o, a standard 9-nucleon R-matrix calculation can give good
estimated values, provided that the cross sections of each branch of

3 . . .
He + 6L1 reaction are given.

31
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(10) The p+llB Reaction
Hg 4 psao+ Be Q = 8.590 MeV (11-47)
Ug 4 5o 34 Q = 8.682 MeV (11-48)

The most recent cross section measurements for Ep = 0.08 - 1.4 MeV by

(434)

Davidson et al. appear to be definitive. There are 7 pronounced

resonances in the range, Ep = ,1 - 5 MeV. The energy of the resonances,
the cross sections at each resonance peak, and the width of each
resonance are summarized in Table II-4. The cross sections are

uncertain above 2 MeV and should be measured again.
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Fig. II-1. Cross section data and recommend values for

D(d,n)3He reaction as a function of detron energy
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Fig. II-2. Cross section data and recommend values for

T(p,n)3He reaction as a function of proton energy.
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Resonance Energy

Table 11-4

Parameters for p-lTB Resonances

Cross Section at
Resonance Peak (mb)

39

Resonance Width

£, (MeV)
172
.64
1.39
1.98 133
2.62 200
3.75 200
4.93 130

28
800
180
- 132
- 347
- 348
210

T (keV)

10
300
1160
100
320
1100
180
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CHAPTER III
FUSION REACTION KINETICS

III-1. Kinetic Equations for a Fusion Reacting Plasma

The time dependent velocity distribution function of a species k
in a volume element dV of a fusion reacting plasma can be described
by a set of coupled Boltzmann equations, which can be denoted as

follows:

af (vq)

APy lvy) _
TEt TRl = e,

ot

> F
* Vl ) vrfk<vl) * My

Production rate of particle k of velocity

i

v1 by various fusion reaction channels.

- Consumption rate due to various fusion

reactions which involve particle k of velocity vy

+ Particle k of different velocity Vi suffering
a scattering collision (radiation, Coulomb,
nuclear elastic, nuclear inelastic and interferences)

in dV that changes Vi into Vi af interest.

- Particle k with velocity vlin dV suffering a collision.
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z (v, A (TP } }
5 [J f1(V1) fJ(vJ) Uj 5 Uk13(u13’ vl) d’v, d vy
SR v) Fivy) Uy o (ugs) Py
i.2 k''1 it 171 “ik‘7li i

3
- [ £ 0v)) F2vy) ugy og (ugs) &, (111-1)
> >
- -
Uy = | vyo- vy | (111-3)
Giij(uia’ vl) = Reaction cross section of particles

i and j with relative velocity uij
react via reaction channel 2 to produce

particle k of velocity vy

c%k(uli) = Reaction cross section of particle k and i

with relative velocity Uy 5 react via reaction

channel 2.

g = Scattering (radiation, Coulomb, Nuclear

ikl V) |
elastic, nuclear inelastic and inter-
ferences) cross section of particle i and
k with relative velocity Uiy which changes

Vi into vy of interest.
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Gik(uli) = Scattering cross section of particle k of

velocity v, and particle i of velocity Vi

1

fi(vm) = Value of distribution function of particle i

of velocity Vi

The indexes i, j and k represent species in the plasma, such as

3 6, . 7,. 7 9 10, 11, 11

electrons, p, d, t, “"He, o, "Li, "Li, "Be, “Be, B, B, C,

and neutron. There are many reaction channels that are of interest.

II1-2. Simplified Model Used in This Analysis

The proper determination of the potential of an advanced fuel
¢ycle requires a study of fusion reaction kinetics, including
subtle effects 1ike fast fusion, nuclear elastic and inelastic
scattering, Doppler broadening of the energy distribution of reaction
products, radiations and the partition of slowing down energy between
jons and electrons. The description of all of these aspects of fusion
reaction kinetics requires many coupled, non-linear, time dependent,
differential-integral Boltzmann equations. Analytic solutions of these
equations can only be obtained for specialized and greatly simplified
situations. To follow the time evolution of the distribution function
requires numerical solution of these equations using large high speed
computers, and the computing cost could be prohibitively expensive.
However, a linear approximation, the multigroup energy technique,
will provide an inexpensive solution for the reaction kinetics study.(l)

It is assumed that the velocity distribution function is made up of a
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Maxwellian bulk with a small tail of energetic particles and can be

expressed as:

£, (V1) = f?:(v,t) " f;(v,t) (111-4)

where fl’ fg and f; refer to the distribution function, the

Maxwellian distribution function and the distribution

function representing the tail of energetic particles. The discrete
nature of large energy transfer events such as nuclear elastic
scattering, large angle coulomb scattering, nuclear inelastic scattering

and fast fusion reaction can also be fit into this scheme conveniently.

I11-3. Slowing Down Theory

A typical fusion plasma temperature is in the tens to hundreds
of keV range, while the reaction products are in the MeV to tens of
MeV range. To treat the relaxation of the reaction products, the
rate of energy loss of a charged particle by coulomb scattering has
been calculated numerous times with varying degrees of sophistication.
(2-5) It is necessary to take into account, for light elements, the
nuclear-force contribution to scattering. This has also been noted

(6) (2-8) assumed

by Devanly and Stein. However, these previous studies
that charged particle slowing down can be described by a continuous
theory. This approximation is valid only if the particle energy
transfer per collision is small. However, nuclear elastic scattering,
Targe angle coulomb scattering, nuclear inelastic scattering and fast
fusion reactions will transfer large amounts of energy which cannot

be properly described by the continuous slowing down theory. A better



(1)

treatment of the process is to use a continuous theory for the
small energy transfer range and a discrete theory for the large energy
transfer range.

The small energy transfer collisions due to coulomb scattering
are typically several orders of magnitude larger than other nuclear
reaction cross sections at small angle. However, in some cases,
nuclear-coulomb interference could be on the same order. It is
assumed that coulomb scattering and nuclear-coulomb interference are
the only sources of small energy transfer collisions. With adjust-
ments which will be described later, coulomb scattering interactions
can properly describe the slowing down time based on small energy
transfer collisions.

The average instantaneous rate of coulomb energy loss for a

particle, k, stowing down in a plasma consisting of several kinds of

particles j, can be expressed by the following two equations:(3’7)
cSEk c 4Tre4 Zi Vo - )
-, = (=){(7) ny L, F(=) Z (I1I-5
§t ‘e me K e ue
§E, ¢ s 72 22 g, L, Flv,/u,)
_( k) - (4TTe )(___k__) n. 5 L "8 8 K' "2
§t ‘i my TVt ) m, / m, (111-6)

where the superscript ¢ refers to coulomb scattering and the
subscripts e, k and & refer to electron, particle k and ion species
2. Further, Z refers to charge number, m to mass of the species,
ni to total ion density, B to the atomic fraction of ions in the

plasma and u to the speed of the thermal particle. The subscript J



refers to either electron or ions and x. = Vk/uj'

J
%2
= - - J -
F(xj) = erf(xj) (1 mj/mk) xj e (111-7)
The coulomb logarithm, Lj’ is written as
_1 2
Lj =5 an(l + Aj) s (IT1-8)

where the arguments are given by the following ratio:

Aj = SLD/bOj classical (I11-9)
= QD/xj quantum (I11-10)
with Lp» boj and xj being the total Debye shielding length, the cutoff

impact parameter and the center of mass wavelength in two body scat-
tering, respectively.

By adjusting the cutoff impact parameter boj so that only small
energy transfer collisions can occur and by adding a weighting factor
to take the nuclear-coulomb interference contribution into account,

the continuous slowing down theory can be described by:

k » dre k =
(356 = ( m_ )(v—k) ny Ly Flv/u,) Z (111-11)
5E, S 4z 228 L5 WF(v/
(25); = (T (K n, 2 i . /’Lm(vk 1 (111-12)
e k 3 2 e

where the superscript S refers to small energy transfer scattering,

LZ is the adjusted value of L2 (called small energy transfer
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logarithm), and W refers to the weighting factor which takes the

nuclear-coulomb interference contribution into account. Define

* l-coseC 1-cos8
Ly =Ly = &n (l-coseb)/gn(l-cosed) (111-13)
€0so cose
W, = ¢ dos € 4ot
2 o dcose/j 4o deos® (111-14)
cosed cosed

where 8, refers to the deflection angle (in C.M. system) corresponding
to an impact parameter of QD’ eb is the cutoff angle for traditional
coulomb scattering, and ec is the deflection angle for maximum energy
transfer in the small energy transfer range.

Summing the two contributions, i.e., Eqs. (III-11) and (III-12),
and making the substitutions Ek ; m v i, ds = Vi dt, the energy 1oss
becomes related to the path length by:

_ -1 _
- ny ds = dvk{G(vk,t)} (111-15)
where:
2 *

4 7 - By LW Flv /u)

_ b7 e k LoPatoy Vi

G(vk) = (—Er—d(————§d {Le F(vk/ue)Z + )X 7 .

e mkvk L 2

(III 16)

Since the composition and the temperature may change with time, e.g.,

reactions are taking place in the plasma, the function G is time-

dependent and denoted as G(v,t).



II1-4. Reactions While Slowing Down

If a slowing down particle k can react with a background particle
%2, With a cross section 052, then the instantaneous probability per
unit length that the reaction will take place during the slowing down

process is given by:

R

dP* (v, ,t)

ket ke 1 > R = > > >

— g = V—"f dv ({vk—vl) \vk—vl fz(v,t) (111-17)
where fi(v,t) is the distribution function of particle 2 and the
superscript (*) denotes an instantaneous quantity. The instantaneous
reaction probability of a particle k about its velocity v, can be

expressed as

£ (v,t) o, (1V,-V]) W -v]
R _ > q ket !k k
Pr, (v ot) dvy = [ dv

dvk

v, n, G(v ,t)
Tk (111-18)

k

The integration over the slowing down path can be converted to an
integration from the initial velocity Vi to the final velocity Uy
yielding:

Y £,(v,t) oh, ([T-V]) 7]

( o
R > > g ke
Poo (v~ u ,t) = | dV [dv
ket Tk Tk Uy Vn, 6(V,t)

(IT1-19)

Since the particle k can react with one or more ions or react through
several channels the total reaction probability is given as a sum
over all reactions and channels. The instantaneous probability then

becomes:
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f, (v,t)z o |V Vi V- vl

R _ > 2
PﬁT (vk,t) dvk = { i [dV T G( 0 dvk
kMW (111-20)
and
f (v,t){z c ]V v{ [VJV{
PR (v> uyst) =3 | K db fdv 2
KTk Tk g Yk Vn e(v t)
i > (111-21)
ITI-5. The Reactivity of a Propagating Reaction
(1,10,11)

The reactivity can be enhanced by the propagating effect
in the cycles such as p—6Li. The p—6L1 cycle is particularly useful to
demonstrate the procedure to derive the power density formula for a
propagating reaction cycle. _

In order to show the procedures for which the power density formula
of a fully propagating reaction cycle is obtained, an overly simplified

case is to consider the reactions

o+ 855 e +q (111-22)

e + %L1 5 B+ 24 (111-23)

The Maxwellian fusion reaction rates in this case are

316 = NN<TV>14 (111-24)

35 = N3Ne<oV>ac (I11I-25)

where nl, ny and ng are the densities of protons, 3He, and 6Li

respectively, and <gv>'s are the reaction rate parameters. Let 536’

T.. be the probabilities that fast 3He and fast protons produced by
16
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reactions (III-22) and (III1-23) will fuse with 6Li prior to slowing

down. Then the total production rate of 3He is

316 * 235 I

1

P. =

3 (111-26)

- T36l16

The power output in this branch is P3Q16. The consumption rate of

3He is

dyp + Al
c, = 35 1636 (111-27)

3 z =
1 - T36lg

The power output in this branch is C3Q36, where Q16 and Q36 are the
nuclear reaction Q values for reactions (III-22) and (III-23)

The equilibrium 3He content is found by setting P3 = C3 and gives

<ov> (1-T,z)
ny = il —20 (111-28)

By substituting ng into the sum of the power output of the two branches,

one has the total fusion power density:

(Qqe*0Q2¢)
.16 367 (111-29)

1-T

The fusion power density formula in this case is composed of two parts.
The numerator is the power density formula of the conventional cata-
lyzed p—GLi cycle. The denominator expresses the propagating effect.

The power density formula for the more general case with reactions



64

3

o +0Li > e (2.3 MeV) +

e + 815 = 5 (11.2 MeV) + 20

d+ SHe > p (14.6 MeV) + o
(111-30)
d+d->n+ 3He (.9 MeV)

d+d->p (3 MeV) + ¢

3He + 3He > 25 (3.1 MeV) + a

is complicated. To distinguish fast protons, we have used different
numbers of overbars as in egn. (III-30). The following notation is
used in the power density formula to follow. The probability of fast

particles, a, 3, etc. reacting with a thermal particle b is expressed

as fab’ ?ab’ etc. respectively. The Maxwellian reaction rate is

expressed as a,, , where £ denotes the branch the reaction takes.

2bc

Qch is the reaction Q value. The fusion power density is

agg *apglyp + 2(aggtagy Tas)lyg + (a36a35,l56) 15 + apsT

L - ( T35T 6756l 16 32  16)

el

333 * 16733 ¥ 2320033

336 ¥ 316736 * 300036 0
= Y36

pili

— = Q
- T . = - = O3
1-(T33T 16*T36T16% 32 16) 1-(F33T 167 36T 167 32T 16

a

23 * 316732 T 3300032 Qo+ 8o Qo+ 2cand
(TP 4B 4f F )23 sz freziee, (111-31)
33716" 136716732 16
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The density of 3He and of D, as well as the fast fusion probabilities,
must be caiculated in a self-consistent way.

The power density formula for the actual p—6Li cycle is much
more complicated. The numerical calculations for the equilibrium
content of the various species, the fast fusion reactivities, and
the electron temperature Te are cumbersome. A detailed description
of the problems involved and the method developed is expressed in

Chanter IV,

I11-6. Doppler Broadening and Energy Distribution of Products from
Nuclear Reactions

The spread in energy of the fusion reaction products results from
the spread in energy of the colliding particles in the center of mass
frame and the motion of the center of mass of the colliding ion pair.<1)
Let the velocity relative to the‘1aboratory frame of two species

be Vl and VZ' The total momentum P in the Taboratory frame is

P=mV, +m VZ = (m, +m (111-32)

- o>
"1t M p Fmplle = (my+mg )Y

C

where species 3 and 4 are products of the reaction. VC is the velocity
of the center of mass of the reacting pair. Any radiation given off
during the collision or during the compound nucleus state is neglected
for the time being.

The energy of the daughter particles (species 3 and 4) in the

center of mass frame are related to the energy of initial particles

by:



1 ™M™ (
2 m1+m

£C€ 4+ gC = gC 4 Eg +Q=E“+9Q-= +0

3 4 1

no
(%)
~—

is the reaction energy. The energies of the fusion products in the

center of mass frame are related by the requirement that:

c C_ - -> -
P3 + P4 =0 m3U3 + m4U4
c_1 2.1  Mau .2
B3 = 7 M3 = oMyl m Ug)
m
:.m_4_EZ
3
Hence the center of mass energy equation gives
ES+EC=(1+ Ti) ES = % g (111-36)
3 4 My 3
or
L T (111-37)
3 mytm
374
Since the energy of particle 3 in the center of mass frame is
eo= o2 = 4 (g 4 q) (111-38)
3 27373 m3+m4 o
one has
2 " e 1/2 i
U3 = {m3 m3+m4 (E- +Q)} (111-39)

Hence, the energy of particle 3 in the laboratory frame will be

L2 1 w2
By = gmgly = 5 mg(V + U3)
- %<m3(U§ + vs +2V_U, cost) ... (111-40)

(I11-34)

(III-35)

(I11-35)

(I11-33)
where Eg is kinetic energy of particle j in the center of mass and Q
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where 6 is the angle between Vc and U3.

The angular distribution of a reaction in the energy range of
interest could be jsotropic in the center of mass frame (such as for
the D-T reaction), or anisotropic (such as for the p—6Li reaction.
See Fig. III-1).

We can rewrite equation (III-40) in terms of the initial state

and the final emission angle 9 as

1 2,2
E3 =5 m3(U3 + VC + ZVCU3cose)
> > > >
V. + m,V m,V, + m,V
_1 1M T M0 1'1 " 2’2
=5 MUy + g (=) My T Uscose
1 2 1 2
My ( £ M3 5
= E°+Q) + —2— {m.E. + m,E, + 2(m,m,E.E,) *cosE}
m3+m4 (m1+m2)2 171 22 127172
2 L 5
+ EIIEE'{mlEl + sz2 + 2(m1m2E1E2) cos&}
m.,m
34 c 35
s (E° + Q) }* cosd (11I-41)

where £ is the angle between the velocities Vl and 72.

The term (m4/(m3+m4))EC in equation (III-41) represents an additive
contribution that is typically on the order of a few tens of keV's for
d-t Maxwellian reactions. It can be on the order of hundreds of keV's
for p—6Li Maxellian reactions. In addition, the variation of € is
roughly equal to the width of the reaction cross section. The contri-

bution from the motion of the center of mass,

m

z———i—;z (m £, + mE, + 2(m1m2E1E2)% cost} (111-42)
m,+m

172



ranges from a few keV to a few hundred keV. The major spread in
energy comes from the term

2

1
< (E€+Q)1 2 coss
My My

. L MMy
{m1E1+m2E2+2(m1m2E1E2)zcosg}2 {m3+m4
(I11-43)
since this term is proportional to the product of the relative
velocity of the reaction products and the translational velocity of
the center of mass.

If there is radiation given off during the collision or during
the compound nucleus state, the energy of particle 3 in the labora-
tory frame can be expressed as in equation (III-41) provided that
EC+Q is replaced by E¢ + 0 - EY’ where EY is the radiation energy
given off.

In order to derive the energy distribution function of the
reaction products, let us consider the jon species 1 with number
density ny and velocity distribution ;1(V1) reacting with ion species
2 with number density n, and velocity distribution function %Z(VZ).
The reaction rate per unit volume for a process with reaction cross

section 0(171-721) is

_ 3—,»3—>"—>"—>--+—> > _
R = nyn, [a*V,dV, (V) F, (V) [T, T, o (1T, -T)) (111-44)

The energy distribution of the reaction products with mass my

and energy E3 can be expressed as
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dR

do -
i =0 (I11-45a)

- 3 > >
- nlnzfd3\71d T, (1)) 7, (V)

Using the relation of E3 and the final emission angle 6 and
integrating over the azimuthal angle, eqn.(II1-45a) can be

written as:

do. ( dcosBly (1y1_45p)

_ K
= 2%n n2fd v ZldQ dE3

3> > > > >
1 4V (V) F (V) [V - ¥

The term %E—-(cose) can be found from equation (II1I-41) and
3

therefore %%-can be calculated, provided g%-is given. Equation
3

(I11-45) can also be used for both elastic and inelastic scattering

processes.
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ITI-7. Power Balance Calculations

The model used in the power balance calculation for an advanced
fusion fuel cycle is described in Fig. III-2. The energetic fusion
products, knock-on ions and injections give their energy to the electrons
and ions, which in turn rethermalize among themselves. The plasma loses
energy via ash removal, transport and bremsstrahlung radiation.

The jon temperature and electron temperature in an advanced fuel
cycle fusion plasma may reach 500 keV. The relativistically corrected
bremsstrahlung and electron-ion rethermalization formulae must be used

in the energy balance equations.

Bremsstrahlung radiative power is given(g’ 9)by:
_ -15 2 1/2 3. _
Px = 2.94x10 N Zeff Te (1+n) (keV/cm™-s) (I11-46)
where
Z..=1n,27%/n (111-47)
eff 3 J 73 e’

and the sum extends over all jon species. The relativistic correction

factor n is

(I11-48)




where moc2 is the rest mass energy of the electron.

The electron-ion rethermalization power is given by

3x10" 14, n.Z.
_ e

J J
e = T3 ) (T.-T,)6 (111-49)

e

where § is a relativistic correction factor given by

§=1-0.3-5 . (I11-50)
m_c
With the relativistically corrected bremsstrahlung radiation
PX and electron-ion retherma1ization,Pie, the power balance equations
can be written as:

£ i Pinj + UiP; =Pt 1.5 a; T, (111-51)

*
(1= gg) Py # (1= Uy)Pe + Py =P+ 158, Ty (I11-52)

Where
inj = injection power (if any),
P = fusion power in charged fusion products,
E; = fraction of the injection power to heat ijons,
Ui = fraction of fusion power deposited in ion,
a; = ash removing rate for ions,
and . .
a = number of electrons associated with removing ion ash,
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Fig. III-1. Angular distribution of the p-6Li reaction cross

section.
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POWER BALANCE CALCULATION
FOR
ALTERNATE FUSION FUEL CYCLES

FAST FUSION PRODUCTS
AND KNOCK-ON IONS

i 3
Pinj + REFUELING
MAXWELLIAN
FUEL IONS ELECTRONS
e
p
M =L ASH REMOVAL
R
M=1 Q-= % = M X
-D _
[GNITION Rz oM
M= 1
FINITE Q
Fig. III-2.  Power balance calculation for advanced fusion

fuel cycles.
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CHAPTER IV

THE STEADY STATE SIMULATION CODE FOR
ADVANCED FUSION FUEL CYCLE BURN KINETICS

The potential of an advanced fusion fuel cycle can, as the first
step of the analysis, be identified if the distribution of the equili-
brium content of various species is properly determined. This requir-
es one to solve the fusion reaction kinetic equations, including the
effects like fast fusion, nuclear elastic and inelastic scattering,
Doppler broadening of the eneray distribution of reaction products
and the tail-tail interaction of slowing down energy between ions and
electrons. The description of these physical aspects of a steady
state fuel burn process, as detailed in Chapter III, requires many
coupled, nonlinear differential and algebraic equations. Analytical
solution of these equations can be obtained for specialized and
greatly simplified situations. To evaluate the distribution among
species at steady state with all of these physical aspects requires
numerical solution of these equations using large high speed compu-
ters, proveide that all the interaction cross sections are known.

It is assumed that the interaction cross sections are known for the
time being.

Since there is no existing computer code to perform such calcu-
lations, several have been developed which are of different levels

of sophistication.
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From the particle balance equations, which take into account all
the reactions involved, one can solve for the equilibrium density
ratio of species in a fuel cycle. In addition, the energy balance
equations, the fast fusion probabilities, the slowing down time of
the energetic particles and the large energy transfer collisions are
needed if the fast reaction events are included. The p-6Li fuel cycle
is chosen to illustrate the problems involved and the method deve-
loped.

The particle balance equations are cumbersome and it is conve-

nient to use the following notations.

- _ c . 3
Scab = <cab> = <oV> oy (in cm”/sec)
= Reaction parameter for reaction a +b-»c +d
where ¢ is a reaction product chosen to characterize
the reaction branch (channel)
Sab = <ab> = ¢ <ciab> includes all of the branches
i
Ga 2y, T na/ns = the ratio of the number density of specie a
to the reference specie s.
GS = (abcab) = 2-63b<cab>
cab ~© Ya¥b

where Sab is the Kronecker delta.

6S., = (ab ab) = 2% & e abs
ap = ‘@b @ YaYb ;<€
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GFSCab = (abcab) = GSCab + all of the fast reactions due to the

energetic a or b produced in the reac-

tions involved prior to slowing down.

: GScab * FScab
GFSab = (ab ab) = ? (abciab)
EP, = (a P a) = Promotion rate of particle a due to large

energy transfer interaction.

For p—GLi, the proton is chosen as the reference specie and

define the density ratios as Y = np/np =1, v, = nd/np, Y3 =
n3/np, Yy = nt/np, Yg = n6/np, Y = n7Li/np’ Y7 = n7Be/np-

The ion temperature Ti and Yg will be specified in each run. The

reaction rates of the major reactions considered are denoted by:

(26726), (26L26), (26t26), (26326), (26A26), (22322), (22t22),

(16316), (23p23), (36236), (36p36), (33p33), (37p37), (t7pt7),

(27p27), (ttAtt), (2tA2t), (2Ln2L), (t32t3), (t31t3), (t3pt3),

(tCntl), (3Cp3L), (IL71L), (ILAIL), and (1t31t).

The particle balance equations can be described as follows:

for 3He: (26326) + (22322) + (16316) + (IT31T)

= (23 23) + (36 36) + 2(33 33) + (t3 t3) + (37 37) +

(3L°3L) + (3P 3) (Iv-1)
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for d: (36236) + (T32t3) = (26 26) + 2(22 27) + (23°23) +
(27727) + (2T 2%) + (20°20) +

(TP 7) (1V-2)
for 'Be: (76776) + (36236) + (TLTIL) = (ZT2T) + (3737) +
(X7 7)) + (TP T7) (IV-3)

for t: (26t26) + (22t22) = (X7 £7) + 2(¥T tt) + (2¢ 2¢%) +
(T37E3) + (AT + (T IE) +
(TP (1v-4)

for TLi: (7826) = (PC2T) + (FCED) + (3030) + (TCID) +
(TPT) (1V-5)

although equations (IV-1), (IV-2), (Iv-3), (IV-4) and (IV-5)
are coupled, the five unknowns (y3, Yoo Yi» Y7 and YL) can be obtain-
ed from the five equations for any Ti provided that the fast reaction
rates are known. To calculate the fast reaction probabilities, it
is necessary to know all vy values and the electron temperature. To
calculate T,, one must have all vy values, all fast reaction rates,
and Te itself. A self-consistent iteration method is developed to
hancle the task.

The self-consistent iteration method is a numerical approach to
solve for various vy values, all fast reaction rates, and Te self-
consistently. It consists of 2 inner iteration loops inside a master

iteration loop. The calculation is described briefly in the block
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diagram in Fig. IV-1.

The character of the energy transfer insures the convergence of
the iteration Toop which yields Te and the fast fusion probabilities.
However, knowledge of reaction kinetics is required to insure the
convergence of other inner iteration loops and the master Toop.
Usually, several sets of second order simultaneous equations and
more than one iteration loop for the equilibrium species density
ratio are constructed to avoid numerical instabilities.

In order to handle the fast particle balance equations and
hence the fast fusion reaction rates correctly and efficiently, a

multigroup energy technique is employed. It is expressed as follows:

0= dnj/dt = slowing down rate from fast adjacent group
+ production rate from nuclear reactions
- slowing down rate to next adjacent group
- consumption rate in nuclear reactions. (1v-6)
where j =1, 2, 3, . . . represent, for example, e, p, d, t 3He,
4He, 6Li, 7Li, 7Be, etc. In this multigroup approach the particle

balance is affected by the energy balance. The fusion production
and consumption rates also must be averaged over the energy popula-
tions of the other reactants.

Based on the approximate Fokker-Planck equation of Rosenbluth,
MacDonald and Judd(l) which can be written as equation (IV-7), the
energy balance correctly includes the tail-tail interactions which

affect the particle balances and reactivities.
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8f, (v,) m, +m f
L kY"1 _ k 3 e
Moy — ot Wy Rl U [ o
m, +m. f.(v.)
kK i it
z [d¥v. - )}
i m]. 1 U_i
+ %——%::~: {f, (v;) —%i;-(jdveuefe+ pfdviu.f.) 3
avav avov 1
(IV-7)
e o _ 8252, 2
where up = [VVel ug = (VYL v = (AneTZzo/m) an g,

(1v-8)
7 is the effective Z of the plasma, n, is the number density of elec-
trons and m's are masses.

By design, only a few specific physical parameters are inputs.
For example, Ti and Yg are the only inputs required for the p—6Li
case. The code first prepares all values of SCab for a given Ti’
sets all of the fast reaction probabilities and Y's (except Yy = 1
and Y6) equal to zero and sets Te = .75 Ti’ The remaining first
generation y's are then calculated based on the above values. The
calculations continue according to the procedure outlined and yield
consistent values of the equilibrium species content ratios, fast
reaction probabilities, and the electron temperature.

The code successfully gives the equilibrium contents of the
fuel, calculates the relative power density, neutron production,
average neutron energy and so on. It can then searchs for the self
consistent electron temperature, given Ti’ to determine a solution
consistent with electron drag, ash removal energy loss and bremss-

trahlung losses to calculate the ratio of fusion power to power



losses. A number greater than one implies ignition at infinite nt.
The energy amplification factor can then be determined as a function
of nTe in equilibrium.

K. A. Brueckner and H. Brysk(z) have calculated the d-t fast
fusion probabilities due to large energy transfer collisions of an
o part1¢1e from the d+t reaction in an inertial d-t plasma, using
the first five reactions of egn. (IV-9). A similar situation has
been reconstructed, and simulated with the BAFSS (the burn advanced
fuel in steady state) code, and the results are compared in Table
Iv-1. PB is the fast d-t fusion reaction probability as read from
the graph in the Brueckner-Brysk paper. The quantities PSl include
the five reactions simulated by Brueckner and Brysk, and are close
to the Py values. When the reaction channels denoted in egn. (IV-9)
are open, the fast fusion probabilities become PSZ‘ Finally, when
a full version of BAFSS code is activated, adding reactions of egn.
(IV-10) including tail-tail interactions and computing T self con-

sistently, the fast fusion reaction probabilities become PSB‘

o * t > t + a (Iv-9)
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d + e » p + a S

T1 20keV 4Q0keV 60keV Ti=Te
PB 00874 .172 206 yes
PSl 00872 .176 214 yes
P52 00887 .192 251 yes
P53 01303 247 331 no

TABLE IV-1

(1v-9)

(Iv-19)
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(Iteration loop for equilibrium
species content ratios)

—_—
Particle balance equations (P(m-1))
master !
iteration Gim)
loop

(Iteration loop for fast fusion
probabilities and Te)

Fast fusion probability calculations
(6(m), T (m-1))
Energy balance equations (G(m), P(m))

|

P(m) & Te(m)

!

1. Use the fast fusion probabilities of the previous generation
(denoted as P(m-1)) in the particle balance equations, iterate
and obtain a new generation equilibrium species content ratio
(denoted as G(m)).

2. Use G(m) and Te of the previous generation (denoted as Te(m—l))
to calculate the fast fusion probabilities. Use G(m) and the
fast fusion probabilities in the energy balance equations to
calculate Te' The iteration will yield a new generation value
of P(m) and Te(m).

3. Continue (1) and (2) until G, P, and Te converge to the degree
specified.

Fig. IV-1
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CHAPTER V

THE TIME DEPENDENT SIMULATION CODE FOR

ADVANCED FUSION FUEL CYCLE BURN KINETICS

V-1. Computer Code Survey

Other burn codes developed to date for problems as described in
this thesis have all been specialized to answer specific questions
about the burn dynamics under rather simple burn conditions.

(1) The University of I11inois

Some six diffenert burn codes developed at the University of

(1)

I11inois are focused on fuels containing d, t and 3He. Most of
these codes are designed for the analysis of conventional steady-

state burns. Start-up scenarios can be examined using the "start-
up code" but here again the scope of reactants is very restricted.

(2) The ECF Code

The ECF Code at Oak Ridge(z) is now capable of handling over 30
different fusion reactions. It handles fusion power multiplicaticn
from fast ions and nuclear elastic scattering as Tinear processes.
The relaxation of fast particles by Coulomb or nuclear elastic colli-
sions is treated assuming the background thermal plasma to be sta-
tionary during slowing-down of the fast particlies. This is not ap-
propriate in those situations in which the evolution of the plasma
parameters is faster than the relaxation times of fast particles.

The code is however adequate for establishing the conditions of a
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mild steady-state thermonuclear burn.

(3) The FOKN Code
3,4)

The FOKN Code( developed at LLL, is the only fully non-
linear burn code. This code solves for the time-evolution of the
full velocity distribution function of the various reactants. The
linear approximation, i.e., the assumption that the velocity dis-
tribution function is made up of a Maxwellian bulk with a small tail
of energetic particles is dispensed with. The full details of the
time-evolution of this distribution are also available which makes
possible the exploration of intense thermonuclear burns and rapid
start-up scenarios. This code also includes the details of the
effects of nuclear elastic collisions, synchroton radiation and
bremsstrahlung on the shapes of the distribution functions. The
major drawbacks of this code are:

The level of its detail makes it very expensive to run.

The reactions associated with 1ithium and beryllium have not

yet been included.

Yy-2. Physics Features and Subtle Issues

The advanced fusion fuel cycle analysis requires a time depen-
dent burn kinetics code to follow the many reactions that can be
involved, including subtle effects 1ike two component fusions, nuc-
lear elastic and inelastic scattering, Doppler broadening of the
energy distribution of reaction products, and the fraction of

slowing down energy given seperately to the jons and electrons.



In addition, advanced fuel cycles are likely to operate at ion temp-
eratures approaching 300 keV and electron temperatures in excess of
100 keV. As such, a careful calculation of relativistic bremsstrah-
Tung Tosses and of synchrotron radiation is required. With so many
coupled non-linear processes involved, it is difficult to analyze
advanced fusion fuel cycles in detail, such as startup scenarios,
ash removal, refueling and heating power requirements, without such
a tool. A time dependent O-dimension burn advanced fuel kinetics
code (BAFCO) has been written to serve this purpose. A block
diagram describing the physics features of the code is shown in
Fig. V-1.

Conservation of particles and conservation of energy are
strictly followed for the transport and slowing down schemes used
by the code.

To illustrate why various features of the BAFCO code are re-

quired, the p—6L1 cycle will be used as an example.

Primary Reactions:

b+ 5L 5 e (2.3 Mev) + YHe (1.7 Mev) (V-1)
3e + 8L » p (11.3 MeV) + 2 “He (2.81 MeV)  (V-2)
+ d (0.4 MeV) + "Be (0.1 MeV) (V-3)

> p+tn+ 7Be (v-4)



Secondary and Tertiary Reactions;

6

d + "Li

He

He

He

Be

He

He

Be

Be

Li

->

n+ 'Be (.42 MeV)

b (4.4 MeV) + 'Li (.63 MeV)

p (1.6 MeV) + t + 4He

4

n + 3He + "He

2 e (11.2 MeV)

b (14.6 MeV) + 3He (4.7 MeV)

n + SHe (.82 MeV)

p (3 MeV) + t (1 MeV)

b (11.2 MeV) + 2 *He (2.8 Mev)

n + Me (3.5 Mev)

d (9.6 MeV) + *He (4.8 MeV)

pt+n+ 4He

2p (5.7 MeV) + “He (1.4 MeV)

20 (4.5 MeV) + 2 “He (1.1 MeV)

b (4.2 MeV) + n + 2 *He (1.1 MeV)

n+ 2 *He (2.521 MeV)

(v-10)

(V-11)

(v-12)

(v-13)

(v-14)

90
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In addition there are at least thirteen 6Li+6Li exothermic reactions

which produce all elements from H to 12

C and produce neutrons. Many
of the fusion reaction products are energetic and may react with ele-
ments in the background plasma prior to complete slowing down (fast
fusion or two-component fusion events). Including these fast fusion
events is crucial, particularly for cycles that are either propaga-
ting or chain events. Some important fast fusion reactions in the

p-6Li cycle (the fast particle has a bar over the element's desig-

nation) include:

5+ 0005 e + g 5+ 005 e +q
e+ Blispran U (v-15) { She+d>p +a (V-16)
p+ 6L1 > “He + o p+ bLi 5 e + «
D+ OLi > e + p+ bLi 5 e + a
e + OLi 5 d + TBe e + BLi > d + TBe
6 7 (V-17) 7 3 (v-18)
d+ "Li->p+ 'Li d+ 'Be>p+ 2u
5+ %Li > 3fie +a b+ 0Li > e +a

and there are many others. As such, there is a high premium placed
on the very efficient numerical approach to the treatment of slowing
down of fast fusjon products. Such an efficient procedure have been

developed for implementation in the code.
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With so many reactions involved, other subtle issues arise which
should be point out. In general, it is difficult, a priori, to esta-
blish a criterion for the inclusion or rejection of a particular
reaction channel. First, while the values for <gv> and Q are known,
the density of each specie in the plasma is not known. Thus, the
fusion reaction rates are unknown. Second, the temperature may vary
widely during a burn, so that almost all reactions may at some time
be influential. For an initially self-consistent model, all reac-
tions with comparable <gv> or <gv>Q values should be incorporated.
Only parameter studies at a Tater time will determine whether speci-
fic reactions are important in the simulation process. At that
point, those which do not affect the results in a significant way
will be eliminated.

Another issue involves the techniques used to handle a problem
with so many reaction channels and associated time constants. Two
standard approaches are;

(A) Write many small codes, each of which solves a specific,
lTimited problem. This is inconvenient since there may be many com-
binations of reactions of interest. This approach makes it difficult
to perform parametric studies which are required since the inclusion
or deletion of a particular reaction channel requires that a new code
be written. The University of I1linois burn code has been of this
type.

(B) Write one large code incorporating all possible reaction

channels in such a way as to be selective with respect to which
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reactions are included for a particular case. This approach poses a
severe problem with respect to execution speed because the straight-
forward approach is to set switches in the code to include or ignore
certain selected reactions. This is usually accomplished by means
of costly "if" statements. Since 3106 evaluations may be required
per run, the time spent trying to speed-up the code by selecting
reactions may actually make running time longer. Because of the
execution time associated with "if" statements, the two codes which
currently incorporate "all" possible reactions (namely the ECF code
at Oak Ridge and the FOKN Code at LLL) calculate each reaction chan-
nel without any selection scheme. The execution time of these codes
can be excessive and they do not easily lend themselves to parametric
studies.

A solution being pursued in the BAFCO code involves the use of
certain compiler characteristics to replace "if" statements. This
can lead to a fast flexible code which can be used for both simple
problems and the most complex. Using these features of "intelligent
compilers", the simulation code is made very general in scope and
fast in speed. In addition, the same compiler characteristics faci-

litate the required parametric studies.

y-3. Basic Equations of the BAFCO Code

The basic equations are the particle balance, the energy balan-

ce, the fusion reactions induced by energetic particles, the slowing
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down of fast particles by Coulomb and nuclear elastic collisions and
Doppler broadening effects. Since particles are present with ener-
gies from thermal to the initial energy of production, the most effi-
cient approach to handling the dynamics is to employ a multigroup
energy technique.

(1) Particle Balance

The evolution of the density of a given specie J is

dn.
-Ei-= beam source (if any)

+ sTowing down rate from fast adjacent group
+ production rate from nuclear reactions
- slowing down rate to next adjacent group

- consumption rate in nuclear reactions

- confinement Toss (v-19)
where j =1, 2, 3, . . . represent, for example, e , p, d, t, 3He,
4He, 6L1, 7Li, 7Be. etc. In this multigroup approach the particle

balance is affected by the energy balance detailed next. The fusion
production and consumption rates also must be averaged over the
energy populations of the other reactants.

(2) Energy Balance

The dominant slowing-down process is by Coulomb scattering and

the energy loss rate is given by

2

2 75 N. . JAU
)2 5 N wn AJ F(V/lg)

z
. M, V.
J J

dE _ e
e (8m)= (

Tre, (v-20)
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2 V2/V2

= =gt (f Tet dn - - mm e 5 -2

F(L
Y

E, M, A, and V are the energy, mass, atomic number, and speed of the

fast particle whereas n., T., M., Z.
p where nJ TJ ; ZJ

erature, mass, atomic number and speed, respectively, of the back-

and Vj are the density, temp-

ground plasma specie. Nuclear elastic and inelastic scattering
reactions are also important and are included in the multigroup

approach as

[a R
=
~

|

= gain through scattering

Qo
t+

nuclear
- loss through scattering

t. E E.
= ¥ ‘J k J
J Ko Jo
by Fke
- i jo dt IuE f(Ef)dEf fnkvkzckj(Ei’Ef) dEi
k% (v-22)
As is done in the FOKN code, these scattering terms include
multi-dimensional integrals which can be evaluated once as transfer
matrices prior to a computational run and tabulated.

The evolution of the temperature of the thermal background is

obtained from the equations

i

%E-;(g-n.T.)

2 575 heating rate by fast particles
J

(Coulomb and nuclear)

+ refueling and auxiliary heating

1

heat Toss to electrons
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- ash removal losses
.T.
3 0N

- confinement losses (ﬁ—z—%—ld (v-23)
EJ

n T ) = heating by fast ions
+ ion-electron rethermalization

+ refueling and auxiliary heating

nT
- confinement losses (%——g—g)
TEe
- radiation losses
- ash removal losses (v-24)

At present, radiation losses from the electrons include the standard
relativistically correct estimates for bremsstrahlung as well as a

crude model of synchrotron radiation losses.

V-4. Time Step

A time step must be estimated in a simulation code that will
allow the plasma to evolve to some new state that is not too differ-
ent from its previous state. This time step usually is determined
by the highest ratio of the time rate of change and the original
value in each term of the equations. In a typical advanced fusion
fuel burn simulation, this ratio for ion temperature, electron temp-
erature and electron density is about 1 or less while the ratio for

12

the ion densities could be 107" time larger. To enforce time steps

that adequately resolve the large changes in any variable would end
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up being prohibitively expensive.

The method used in the BAFCO code is to treat the slower varying
functions as semi-adiabatic values which are calculated over a longer
time step and used as a constant in the short time steps. Careful
study shows that a fast-changing term in the calculation could be com-
posed of a product of a slow-changing function and a fast-changing
function. Each term of the equations involved in the simulation code
has been thoroughly examined and decomposed prior to the construction
of the code. Criteria have been established to control the time
steps used to recalculate the semi-adiabatic values.

The treatment of the fast fusion events in BAFCO code is parti-
cularly useful in elaborating this subject.

The fast charged particles undergo coulomb collisions with the
background plasma. The energy of the particle is lost to the cooler
target and the expression for the rate of energy loss is given in
egn. (V-20). Let c(lv - le) be the reaction cross section for a
fast charged particle of velocity V, on a background plasma specie j
of velocity Vj. Assuming that the background plasma specie j has a
velocity distribution %(Vj) and that f%(vj)d37j = 1, the probability
of a fast particle slowing down from E2+1 to EQ and reacting with

plasma specie j is given by:

Q.

E . ) o
IEEH ns JIV-Ys] o(1V-T5]) £(V,) a°, o, 9Er - (V-25)

where Ef =L MV2 and dEf/dt is the total rate of energy loss of the



charged particle via coulomb collisions. The integration of the
reaction probability involves the evaluation of dEf/dt which depends
on Ef, nj, Ti and Te (especially Ef, Ng and Te). Therefore, it must
be performed at each time step (of the calculation of the density
energy balance equations).

A fast particle can undergo any of a large number of different

3He, d+d->p+t, d+t->n+aq,

6

reactions; e.g. d+d->n +

3+ e » p+a, 4+ bLi 5 2 , d+ Li-p+t+a, d+ 65 >

n+3He+a, 3+ 8 ion+He+a, 3+ 0Liop+ Li, @+ 0o

n + 7Be, d + 7Li, d + 7Be, etc. Including the fast events is cru-
cial, particularly for cycles that are either propagating or chain
events.

For these reasons, it had been thought that an advanced fuel
cycle burn code would be prohibitively expensive if one calculates

fast fusion probabilities to the required accuracy.

The reaction probability is

Reaction probability for particle slowing down from E2+1 -~ E

2
- IEQ n JIV-T.1 o((V-1.]) F(T) oV, §& - e
Ve R A
K > > vyl vV 3y dt
N ”j kzl{flvk_vj‘c(lvk-vjl) f(vj)d vj}. EE% . AE
EEE

where E = (E
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After tedious algebra, it can be shown that if %(ﬁG)is the Maxwellian

distribution, then

{1l

SVB(E,) = <ov>, mk-vj[)?-(vj) ¢*,

2
u
2W.e © 5 2
= [ xZexp(-x")sinh(2ux)o(xW ) dx (V-27)
YT U J
> - L T
where u vk/wj, X |Vk vj\/wj, Wj /ZKTj/Mj . (v-28)

It is clear that <oV>y is a function of Ek and Ti only. For-

tunately, it is relatively insensitive to Ti' We can also define

) - . BE/dE,
dt

e

E.=E

£ B

This function is very sensitive to Ek’ n

o and Te’ but is not sensi-

tive to the ion temperature, or density. In normal operation, Na
and Te are relatively constant in time. Using these expressions,
egn. (V-26) becomes

K

n, I

T,n.) (V-30)
J k=1

SVB(Ek) At(Ek, o> Mo

o+l * Ez)/K‘

with € = E, + KAE, E = (E
From the preceding discussion, it can be seen that there are
two independent quantities to calculate: (1) ny which is given by

the particle balance equation at each short time step; and (2)
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ZSVB(Ek)At, which is relatively constant in time and can thus be

calculated once for many short time steps.

V-5. Nuclear Inelastic Scattering

No nuclear inelastic scattering is included in the current ver-
sion. Provisions have been made to add this calculation at a later

time.

V-6. Energy Distribution from Nuclear Reaction Products

Assuming isotopy of reaction cross sections and neglecting the
velocity of the background species, a simplified treatment has been
implemented for the two-component reaction products in the TRW
upgrade version of the BAFCO code. Since the major contribution of
the two-component reactions comes from the lower energy group,
where the velocity of the background species is comparable to that
of the fast species, a correct treatment has to be developed. Pro-

visions have been made to develop that at a later date.
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CHAPTER VI
ADVANCED FUSION FUEL CYCLE ANALYSES

VI-1. New Effects Investigated

There are three new effects in the analysis of advanced fuel
cycles which have been investigated and found to increase the reac-
tivity of the cycles, to alter energy balance calculations and to
affect predicted Q values or ignition conditions. The first effect

3He, the energetic

is the propagation in the cycles such as p—6Li.
p+6Li reaction product, reacts with 6Li and produces an energetic
proton before solowing down; these protons can undergo fast fusion
again and propagate the reaction further. The second effect is the
enhanced fast fusion reactivity due to nuclear elastic scattering.
Nuclear elastic scattering of the energetic fusion products with
the background fuel ions produces additional energetic particles
which can undergo fast fusion and further propagate the reaction.
The third effect is the enhanced fast fusion reactivity due to tail-
tail interactions which make the tail fast fuel ions stay longer in
the more reactive energy region; resulting in higher reaction
probabilities.

Including the tail-tail interacion, the stripped proton distri-
bution (where the Maxwellian portion has been substracted out) in a
reacting p-llB plasma with YB=O.1 is shown as the solid curve in

Fig. VI-1 as a function of proton energy. The stripped distribution
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is defined by ean. (1I1I-4), G is the density ratio of 1

B to p and
the ion temperature of the plasma is 300 keV. The dashed curve is
the proton-stripped distribution function in the same plasma while
the tajl-tail interactions are neglected. It is clearly shown that
the slowing down process is altered by tail-tail interactions.

A pronounced resonance occurs at Ep ~ 600 keV with T = 300 keV

in the p—11

B reaction cross section. Comparing the stripped proton
distribution functions calculated in both cases, it can be seen
that the tail-tail interactions which alter the slowing down have
the effect of making the tail fast fuel ion distribution larger in
the most reactivé energy region, thereby enhancing the reactivity.
The energy transferred to electrons by a 14.5 MeV proton 1is
shown in Fig. VI-2 as a function of electron temperature. The
background plasma in this case is that of a steady state, catalysed
d-d plasma. The dashed curve is the fraction of the initial energy
received by electrons when only the coulomb interaction is assumed.
The solid curve gives the result when the effects of coulomb and
nuclear elastic scattering and the subsequent slowing down of the
fast ion produced by the large energy transfer collisions are
included. Finally, the dash-dot curve properly includes the tail-
tail interactions. Accounting for nuclear elastic scattering, sub-
sequent slowing down and the tail-tail interaction, a 14.5 MeV proton
in a 75 keV ion temperature steady state catalysed d-d plasma will

transfer 71% of its energy to 50 keV electrons compared to 78% when
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the tail-tail interactions are neglected and 94% when only coulomb
scattering is assumed. At an electron temperature of 100 keV, the
percentage of energy transferred to the electrons decreases to 38%
compared to 51% when the tail-tail interactions are neglected and
85% with coulomb interactions only. The effect is clearly important
in a plasma energy balance calculation.

Including these new effects, the analyses for the steady state

118 have been carried out. It is found

catalysed d-d, d-3He and p-
that the reactivity is enhanced, the energy deposition of the fusion
products to the plasma ions is increased, and the ignition condition

required for these fuel cycles is relaxed.

V-2. The d-SHe Cycle

The primary reactions of this cycle are:

3 4

d +°He - p (14.63 MeV) + "He (3.67 MeV) (VI-1)
d + d > p (3.02MeV) + t (1.01 MeV) (VI-2)
d + d =+ n (2.45 MeV) + SHe (.82 MeV) (VI-3)
e + SHe > 2p (5.72 MeV) + *He (1.43 Mev) (VI-4)

Secondary and tertiary reactions included:

d + t > n (14.07 MeV) + *He (3.52 MeV) (VI-5)

£+ t > 2n (5.03 MeV) + THe (1.26 MeV) (VI-6)
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t +3He » p (10.08 MeV) + n (1.61 MeV) + “He (.4 MeV)
or or or
(5.37 MeV) (5.37 MeV) (1.34 MeV)
(VI-7)
t + e > d (9.55 MeV) + “He (4.77 MeV) (VI-8)
b + d - n+2p 0Q=-2.225 MeV (VI-9)
b+ t = n+He Q= -.764 MeV (VI-10)

Propagating fusion reaction sequences in the d-3He cycle (the

fast particle has a bar over the element's designation) are:

d + SHe » P+ “Hie e + d > p + e
F+d -~ d+p (VI-11) { p + 3He » Sfie + p
3. . . 4= 3 s (VI-14)
d + “He - p + 'He He + d ~ p + "He
d+d - 3ﬁe +n d+d - 3He +n
e +d > p+ e e + d » e + D
) (v1-13) ), o (VI-14)
p+d > d+p He + d - d + "He
e + n d+d - e +n

d+d -

and there are other. See egns. (VI-1) through (VI-10) for the
energies of the reaction products.
Neutrons are produced only from side d-d reactions and the num-

ber can be made relatively small by burning lean in d, as shown in
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Figs. VI-3 and VI-4. For reference, the d-t cycle produces 3.56x1011
neutrons per joule. At constant , however, the power density also
decreases although not as rapidly. Also, burns that are too lean
in d will not be reactive enough to maintain ignition or high Q.

In Fig. VI-5 noted that ignition is not feasible if the ratio of 3He
to d in a mixture is greater than about 8 even if confinement is
perfect.

The enhanced reactivity of a 50-50 d~3He mixture at Ti = 100 keV
for different electron temperatures are shown in Fig. VI-6. Curves
of NeTg required for ignition are shown if Fig. VI-7 as a function
of ion temperature using both the standard Maxwellian averaged <ov>
and the properly-enhanced <ov> value. Clearly, the required nTg
value at any temperature is decreased when the enhanced reactivity
effect is included. At 100 keV, assuming Ty T the required NaTe
is as low as 2x1014 cm'3—s, comparable to that required of the d-t
cycle at 20 keV. The main drawback to d—3He is the material source

of 3He itself.

VI-2. The Catalyzed d-d Cycle

The major reactions of this cycle are:

d + d - p (3.02 MeV) + t (1.01 MeV) (V1-15)
d + d - n (2.45 MeV) + He (.817 MeV) (VI-16)
d + t - n (14.07 MeV) + *He (3.52 Mev) (V1-17)
d +3He » p (14.68 MeV) + *He (3.67 Mev) (V1-18)



The minor reactions included:

3

t
t

He +

+

+

3

3

He - 2p (5.72 MeY)

t
He

-

-

2n (5.03 MeV) + “He (1.26 MeV)

4

+ "He

(1.43 MeV)
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(VI-19)
(VI-20)

p (10.08 MeV) + n (1.61 MeV) + "He (.4 MeV)

or

(5.37 MeV)

n+2p Q= -2.225 MeV

n+ 3He Q=

-.764 MeV

(5.

4
or or
37 MeV) (1.34 MeV)
(vI-21)
(VI-22)
(VI-23)

In addition to the propagating fusion reaction sequences given

in egn. (VI-11) through egn. (VI-14), a few of the others are:

d+d-~
p+d -~
d+d-~
d+d->
tT+d-~
o +d-
d+d-~

€ ol

gey

ctl

or Q1

i

T Hl

(Vi-24)

(VI-26)

The enhanced reactivities at Ti

d +

3fe

ar ol
+

+

=75

tron temperature are shown in Fig. VI-8.

keV
The

e + n

+

o
(o3 ]

-

(VI-25)

jmi ]
+
o

(VI-27)

as a function of elec-

ignition criterion for
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ntg is relaxed as shown in Fig. VI-9.

11

VI-3. The p-""B Cycle

The reactions in this cycle are

» e + %Be (g.5.) (VI-28a)
[+ 24He
p+ 18 5 e + Bze (2.94 Mev) (VI-28b)
l+ 24He
- 34He (continuum breakup) (VI-28c)
o+ Mg L e llc g =-2.765 Mev (VI-29)

The dominant reaction branch is eqn. (VI-28b). The endothermic
neutron reaction branch is at least three orders of magnitude lower

in reactivity. The propagation sequence is:

p + 118 > 3 4He
e+ p > B+ MHe (VI-30)
p + L T

The enhanced reactivity at Ti = 250 keV for different electron
temperatures is shown in Fig. VI-10. The resulting increase in <ov>
relative to the Maxwellian averaged value is shown in Fig. VI-11.
When this is included in an energy balance calculation, it is found

that the p~1lB cycle can ignite if the losses are due solely to
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bremsstrahlung and ash removal (as opposed to previous studies(l'3)

which showed the maximum Q is less than 3 but did not include reac-
tivity enhancement effects). Using power balance equations (III-51)
and (III-52), appropriate relativistic formulae for bremsstrahlung
and electron-ion rethermalization, the results are summarized in
Table VI-1. Thus, including propagation and large energy transfer
collisions and the tail-tail interactions, have considerably brigh-

tened the prospects for viable minimum nertron production cycle.
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Table VI-1

Power Balance for p-llB Cycle

_ Fusion Power _ Fusion Power <nTE)mim'mum
Ti(keV) Te(kev) M= Brem. Power O° Input Power required
(For Q = 5)
200 140 .8 4, -
250 155 .97 32. ' ~2.4x101°
15

300 160 1.08 w (Ignition) =1.36x10
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CHAPTER VII
SUMMARY AND FUTURE DIRECTION

VII-1. Summary

Three new effects in advanced fusion fuel cycle analysis -
proper inclusion of large energy transfer collisions, propagating
enhancement, and tail-tail interactions - have been investigated and
found to increase the reactivity of the cycle, to alter energy ba-
lance calculations, and to affect predicted Q values and ignition
conditions. For example, with the inclusion of these effects, the
reactivity of the catalyzed d-d plasma at Ti = 75 keV can be increas-
ed from 21% at Te = 50 keV to 53% at 100 keV relative to the reactivi-
ty neglecting nuclear elastic scattering. The result is due to
fusion events between fast deuterons produced by large energy trans-
fer collisions of the energetic fusion products with the background
jons. The fraction of energy given to the electrons is likewise
influenced by nuclear elastic scattering and tail-tail interactions.
The fraction of a 14.5 MeV proton's energy given to the electrons
at 100 keV decreases from 85% when only coulomb scattering is assum-
ed, to 51% when nuclear scattering is added to the calculation, and
decreases further to 38% when coulomb plus nuclear scattering and
tail-tail interactions are properly included.

Charged particle cross sections required for advanced fusion
fuel cycle calculations have been discussed. Reactions important

3 6 11

for the d-d, d-"He, d-"Li and p-""B cycles have been described.

The inclusion of nuclear elastic scattering is found to be essential.
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Important fusion cross section and energy ranges where data is
required have been identified.

Kinetic equations to describe the velocity distribution func-
tions for a reacting fusion plasma have been studied, and a 1i-
nearized model has been formulated. A slowing down theory to treat
the small energy transfer range by a continuous theory and to treat
the large energy transfer range by a discrete multigroup energy tech-
nique has been developed. Formulae for the power density in propaga-
ting reaction cycles, the fast fusion probability for an energetic
particle reacting to the background ions, the energy distribution
of reaction products, and the power balance equations including
injecting power, ash removal and the relativistically corrected
electron~-ion rethermalization and Bremsstrahlung radiation have
been derived.

Computer codes including the appropriate kinetic equations,
the fast fusion reactions, and nuclear elastic scattering have been
developed, implemented and are presented along with results. Steady

3 11

state analyses on catalyzed d-d, d-"He and p-""B have been completed.

It is found that the p-11

B cycle can ignite if the losses are due
solely to Bremsstrahlung and ash removal. The reactivity for the
catalyzed d-d cycle is enhanced by 20% - 40%. Assuming perfect
ion energy confinement, the minimum electron nTe value required

14 14 ith the

for ignition is decreased from 9x10 to 1.5x10
inclusion of these effects. The reactivity for the d—3He cycle is

enhanced by 35% - 75%. Assuming perfect ion energy confinement,
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the minimum electron nte requirement for ignition is reduced from

ox10* to 1.01x10%%.

VII-2. Discussions

(1) Energy Distribution of Products from Nuclear Reactions

and Transfer Matrices for Slowing Down

The equations for the exact treatment of these subjects
have been derived in Section III-5. In order to include them in the
present model of advanced fusion fuel cycle analysis, further expan-
sions and simplifications are made next.

Using f,(T,) = f1(T,) + £5(T.) which is defined in Section I11-2,
equation (III-4), and

nM n¥
A _ _i- AM _i * > _
(V) = A i (V) + A f (T3, (V1I-1)
equation (1II-45) becomes
dR _ , MM M M M oMo
—E5-~ 2n1n2 I (fl,fz) + 2n1 n; I (fl,fz) +
ZHT n2 I (fl,fz) + 2nfn§ 1 (fl,fz), (VII-2)

where superscripts M and * refer to the Maxwellian bulk and stripped
portion of the velocity distribution function and subscripts 1 and 2
refer to the ion species considered; f's are normalized functions of

. the corresponding f, n = nM + n* is the number density, and
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/\j /\k _ s s /\j . /\k N
1], %) = [aov, dov, FI(V)) F5(T,) -
d d
V=Tl g ”é%%égl)? (V1I-3)

the superscripts j and k refer to either superscript M or *; other
notations are defined in Section III-5. The integral functions
I(f), f5), I(f], f,) and I(fy,

plasma, do/dQ of the reaction, the reaction Q which will influence

fg) depend on ion temperature of the

d(cose)/dE3 calculated from equation(III-41). By assuming isotropy

of the reaction cross sections and neglecting I(%I, %;), an accurate
energy distribution of the reaction products, expressed by equation
(VII-2), has been included in the steady state (constant Ti) calcu-
lations. Nevertheless, to include these expression in any time
dependent simulation code would be prohibitively expensive, even
provided a large enough computer is available with sufficient me-

mory storage for the differential cross sections needed to perform

the integration defined in equation (VII-3). To overcome these
difficulties, a new approach to solving the non-linear Boltzman
equation is required. Such an approach has been developed but imple-
mentation is beyond the scope of this thesis (see the Appendix).

For the time being, a simplified treatment detailed next has been used
to construct the transfer matrices for slowing down and thermalization
which are implemented in the BAFCO code to handle the large energy
transfer process. The same treatment has been developed and imple-

mented in the version of BAFCO code used by the TRW company fusion



(1) (

research group the TRW upgrade version) for the energy distri-
bution products of two-component reactions.

Assuming isotropy of reaction cross sections and neglecting the
velocity of one of the reactants, equations (III-41) and (II1I-45)

can be rewritten as follows:

Ey = (my/{my+m, ))Q + (”‘1"‘3”"‘2““4)/('“34"“102 Byt

2 (mimgm, (MpE; + (mytm,)Q)}* coss (VII-4)
dR
= = ¢ « P(E,)
E3 3
—omngn, [T @1, . (T)F, (1) |V, -V, &= (- dleostl) )
172 1 2 1M1/t 2M2 1 "2} 4x¢ dE3
%0 (m,+m )2/{m2m m, {m,E, + (m,+m )Q)}I/2
-3 17374 271 374
_ . < <
- if Em1'n _’ES ”'Emax
0 otherwise (VII-5)
_ . _ IV 43y > >
where » = reaction rate = [d Vld V5 f1f2 lVl-Vzlo, (VII-6)
Enax and Emin are calculated from eqn. (VII-4) with 8 =0 and 8 = 7

respectively, P(E3) is the probability that the reaction product
with mass ms will appear in an energy interval dE3 about E3, and

other notations are defined in Section III-5. Therefore,

1
P(E3) = %(m3+m4)2/{mim3m4(m2E1 + (m3+m4)0_)}2
e =

if Emin 3 Emax

0 otherwise (VII-7)
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Since the major contribution of the two-component reactions
comes from the lower energy group, where the velocity of the back-
ground species is comparable to that of the fast species, this sim-
plified model is only an appoximate. Nevertheless, the large energy
transfer collisions are not dominated by thelow energy groups, and
so that the model is useful in constructing the transfer matrices for
slowing down and thermalization, especially for high energy incident
particles.

Even with this, the construction of matrices for slowing down
is cumbersome. Both additional man power and funds are required
to complete the calculation of the matrices needed to be fully
implemented in BAFCO code.

(2) Change of the Energy Distribution Profile by the

Consumption of Nuclear Reactants

The consumption rate per unit volume for ion species 1
with the velocity distribution fl(Vl) which react with ion species 2
v

having a velocity distribution fz( 2) can be expressed as follows:

> - > - e 3P > R SRR
Rey (Ty) = df (V))/dt = £1(V)) [a*V, £,(V,) [V, 0(|T,-T,1)
(VII-8)
where subscipt C1 refer to consumption of ion species 1 and o(lvl-vzl)

is the reaction cross section. The nuclear fusion reaction, in
general, is a resonance reaction. The consumption rate of the reac-
tants is not likely to be constant in energy. All of the analyses
and simulation codes (ECF, FOKN, BAFCO) nevertheless have made this

hidden assumption that the consumption rate of the velocity distri-
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bution of the reactants is constant in energy, when the reactant
has a Maxwellian distribution. With this assumption of uniform
consumption, the results produce an overestimate reactivity. To
include this subject in advanced fusion fuel cycle analysis and

in time dependent simulations is expected to be complecated.

VII-3. Future Direction

Obtaining the correct energy distribution profiles for various
ion species and electrons in a reacting plasma from the appropriate
kinetic equations incorporating the relevant physical processes is
the key to an accurate fusion fuel cycle analysis. Techniques for
solving nonlinear problem in fusion reaction kinetics such as the
Monte-Carlo method employed for neutronics problems should be inves-
tigated. Another approach which appears to be promising is to
expand each term of the Boltzmann equationin a comp]eté set. This
is elaborated on briefly in the appendix.

To evaluate the potential of advanced fusion fuel cycles the
following investigations should be done in the near future:

1. Investigate how much these processes affect nt requirements
for Lawson and ignition conditions or the energy multiplication
factor Q, using several models for energy containment time.

2. Utilize the time dependent advanced fusion fuel cycie burn
kinetics code to investigate optimum fuel mixture, energy amplifi-
cation factors, neutron yields, nTe requirements, startup scenarios,
ash removal requirements and sensitivity of the burn dynamics to

data uncertainty.
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It may be important as the research progresses to have an

elaborate space and time dependent simulation code.
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OF

THE BOLTZMANN EQUATION IN A COMPLETE SET
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APPENDIX

BRIEF ELABORATION ON THE EXPANSION OF THE
BOLTZMANN EQUATION IN A COMPLETE SET

To briefly illustrate the essential idea involved, let us
. 1
assume that a non-orthonormal completeset| 1 | exist, and expand
1
some of the functions related to the Boltzmann equation in this

complete set.

1 - S a 1
L 0 ‘11 in 1
Vl'vr 0 = . = (A-Za)
0 dgp - 3n 1
0 1
. 1 1
2% vr 9 = A2 . (A-2b)
0 1
1 1
. 0 1
0| . 1 )
_ﬂ'_l . Vv . = B]. . (A 3&)
0 1
0 1
2 1 1
0] . . )
ﬁ'l. . VV . = 82 . (A 3b)



1 1
o\ (o .
. 3 3
C:J O Ui; Gkij(uij’ Vl) d v d Vs
o/ \o
c:11 ..... c1n 1 1
. . 1) i /1 ]
= : : CFEG. (A-4a)
»_cnl ..... crm 1 1
1 0 1
0 1 A
) 3 3, = 1% _
f f 0 (9 i3 %ijlUgyvy)divydivy = € 1) (A-4b)
0 0 1
1 1 1
o\ /0 /1
2 3 - nle _
j 9) <°> upy0 g lugy) divy o= Dy 1 (A-5a)
o/ Yol 1
10 1
0 1 3 if 1
f 0} [ 0 upy0y4lupy) dPvy =Dp5f 1 (A-5b)
0 0 1
1 1 1
0\ /0 o /1
f [ 0 <9>uik01‘k(u1‘k; v )dividiv = Byl 1) (A-6a)
0" o 1
1 0 1
0 1 . o . 1 |
/ f 0 0 uikoik(uik; vl)d v1.d v = E12 1 (A-6b)
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where the other notations are defined in Section III-1. Using equa-

tion (A-1) through (A-7) the Boltzman equation expressed in equation

(ITI-1) can be written as

%1k
5 [ x ije i
<1 "2k = T T X.X.C - % T X X.D'*+
at \ . {,-’J-,Qp,q pi "aj “pa i.2 Py pk'qi pa
Xnk . . 1
5 r X . X.E'-r r X, X.F' -gX,A - TX B}l
- : ; k , .
i p,q PKial Tpay o ek Tal Tpg o Tpk Tp g Takig .
1
(A-8)

The advantage of this form is that as long as the complete set is
chosen, the matrices A, B, C etc. can be constructed once only and
the rest of the calculation becomes simple and easy.

The only question remaining is the existence of such a complete
set, or a set of functions in which each term of the Boltzmann equa-
tion can be expanded. By applying Vitali's theorem(l), the existence

of the Laplace transform and its inverse transform of G(t)



f(z) = [ 47?7 6(1) dr (A-9)

. cT o
if G(t)<ce where a and t are positive mumbers, can be mathema-

tically proven. Mathematically the Laplace transform is known as
-\ Z
the continuous analogue of the Dirichlet serjes & a e " There-

n=1
fore substituting t = 1/T, the reciprocal temperature, z = v,

zZ = v2 or z = E whichever convenient, the complete set can be
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