The Application of Uncertainty Analysis in
Conceptual Fusion Reactor Design

T. Wu and C.W. Maynard

February 1979

UWFDM-290

Proc. Seminar-Workshop on Theory and Uncertainty Analysis, ORNL, TN, August 1978.

FUSION TECHNOLOGY INSTITUTE

UNIVERSITY OF WISCONSIN

MADISON WISCONSIN



The Application of Uncertainty Analysisin
Conceptual Fusion Reactor Design

T. Wu and C.W. Maynard

Fusion Technology Institute
University of Wisconsin
1500 Engineering Drive

Madison, WI 53706

http://fti.neep.wisc.edu

February 1979

UWFDM-290

Proc. Seminar-Workshop on Theory and Uncertainty Analysis, ORNL, TN, August 1978.


http://fti.neep.wisc.edu/

The Application of Uncertainty Analysis in
Conceptual Fusion Reactor Design

T. Wu
C.W. Maynard

August 1978

UWFDM-290

Fusion Research Program
Nuclear Engineering Department
University of Wisconsin
Maddson, Wisconsin 53708

Presented at the Seminar-Workshop on Theory and Application of Sensitivity
and<Uncertainty Analysis. Radiation Shielding Information Center. Oak

Ridge, Tennessee. August 1978.



THE _APPLICATION OF UNCERTAINTY ANALYSIS IN
CONCEPTUAL FUSION REACTOR DESIGN

T. Wu and C. W. Maynard
Nuclear Engineering Department
University of Wisconsin-Madison

Madison, Wisconsin, USA

ABSTRACT

We briefly describe the theories of sensitivity and uncertainty
analysis and then apply them to a new conceptual tokamak fusion reactor
design - NUWMAK. NUWMAK is a moderately sized tokamak fusion reactor
of medium toroidal field, high power density and high neutron wall load-
ing and is designed to minimize thermal cycling and provide internal
thermal energy storage by use of the eutectic Lig2Pb3g compound both as
the breeding and energy storage material. Neutronics calculations are
performed in P3S4 by DOT and ANISN.

The responses investigated in this study include the tritium breed-
ing ratio, first wall Ti dpa and gas productions, nuclear heating in the
blanket, energy leakage to the magnet, and the dpa rate in the supercon-
ducting magnet aluminum stabilizer. The sensitivities and uncertainties
of these responses are calculated. The cost/benefit feature of proposed
integral measurements is also studied through the uncertainty reductions
of these responses.

I. INTRODUCTION

The theories of sensitivity and uncertainty analysis have been de-
veloped!-12 in the past decade to deal with the problem of estimation
of nuclear response uncertainties, nuclear data adjustments, etc., which
then provide vital information for nuclear reactor design. Most of the
applications have been in the field of fast breeder reactors. 1In this
study, the methodology of sensitivity and uncertainty analysis will be
applied to the field of fusion reactor design.

Basically, sensitivity analysis is developed to answer questions of
the relationship between the changes of a design quantity and of the
basic data field. The sensitivity coefficient, mathematically the first
derivative of the response with respect to the basic cross sections, can
be calculated and used quantitatively for indicating the rate of change
of a reactor performance parameter with respect to changes in the cross
sections. It also points out what cross section data, as a function of
nuclide, reaction type, and energy, are important in analyzing a given
reactor system. Moreover, it connects the uncertainty of a given design



quantity and the uncertainties of the basic data field through a simple
mathematical expression.

Nuclear reactor design calculations have always been limited in
their accuracies by both computational methods and uncertainties in
nuclear data. After a period of extensive refinements in calculational
methods and computer codes, the main uncertainty has been believed to be
in the basic nuclear data. The calculation of the uncertainty of a de-
sign quantity is made possible by implementing the statistical error
propagation model in connection with sensitivity analysis. For the case
where the calculated accuracy of certain design quantities are unsatis-
factory for meeting the design criteria, one must improve the basic data
considerably. The cross section adjustment methodology, by which one
utilizes information from integral measurements by fitting the calcu-
lated integral quantity to the experimental results, is used as a tool
to improve our current knowledge of the basic data. Here, we also con-
sider the differential measurement as a special integral experiment
without confusion.

Sometimes our best knowledge about the basic data field, which may
include the information from available integral experiments, still leads
to an unsatisfactory result for the design performance parameters of
concern. Therefore a new measurement should be proposed. In this study
the benefit of the proposed measurement is evaluated through the error
reduction of the responses. The cost to benefit ratios of the proposed
measurements are then obtainable if we know the cost of the experiment
as a function of experiment errors. The cost to benefit ratio should
serve as the indicator of how well the measurement has to be done for an
optimal design. It also gives a reference for the funding agency if
several measurements are proposed.

In the following section, the theories of sensitivity and uncer-
tainty analysis are reviewed and a procedure for analyzing the economi-
cal aspects of integral experiments is given. Section III gives the
calculational results and analyses for a tokamak fusion reactor design
as an application of the theories. The conclusions are given in Section
Iv.

IT. THEORY

II-1. Sensitivity Methodology for a Fixed Sources System

In the neutronic and photonic calculations of fusion reactor blan-
ket and shield @e¥g®, we have always encountered transport problems
with fixed sources. The main objective in such problems is to calculate
a certain result which is a flux-integrated quantity or more simply a
response. By using the conventional and convenient operator notation,
the forward and adjoint fluxes, ¢(z) and ¢*(£), can be calculated from
the forward and adjoint Boltzmann equations:



Ly =S (1)

and Lhg* = %, (2)

wherg L and LT are the forward and adjoint transport operators, S is the
physical source distribution, and S* is the functional derivative of the
result of interest. :

In this study we will concentrate on the responses which are linear
functionals of the flux ¢(£). By using the notation ( , ) to indicate
integration over the phase spece, we can define a response, R, by the
following expression:

R = (zp.6), (3)
where IR is the response function associated with the result of interest.

‘ The variation of the response, §R, due to the variations of the
transport operator and of the response function itself, can be easily
derived from the we11-de¥eloped generalized perturbation theory!:¢ or

variational principles6’ in connection with the forward and adjoint

fluxes. That is,

6R = (82p,0) - (¢*,6L4). | (4)

The first term on the right-hand side of Eq. (4) could be called the
direct effect (or detector term) which measures the effect of the res-
ponse function itself to the response and is relatively easy to calcu-
late. In contrast, the second term, called the indirect effect (or flux
perturbation term) which affects the response through the transport oper-
ator, is relatively difficult to calculate due to the complexity of the
transport operator and requires some computer programming efforts.

Let us concentrate on a set of multigroup nuclear data {zj} which
is contained in Lj, where Ly is a subset of the transport operator L.
The linearify of the transport operator enables us to evaluate the con-
tribution of Li to the response R and therefore the variation of the
response due to the variation of Lj can be expressed as

SRy = (s2p,0) - (6*,8L.4). : (5)

From Eq. (5) we can obtain the sensitivity coefficient of R with respect
to L which is defined as '

S; = oR/oz, (6)

and the relative sensitivity,

P, = (aR/R)/(azi/zi). (7)



If the group cross sections are concerned, then, for group i, we have

Py (E) = - [[@roan, (rE0e(r,E0)0%(r B 0)

+[[][Prsatar deorir .00 (EEaetrE 2 R ()
The first term on the right hand side of Eq. (8) represents the colli-
sion term which removes the particle from that point in phase space and
the second term is the collective gain term for the particles emerging

from such collision at other energies and angles.

The sensitivity profile, a graphical display of P;(E), can be pre-
sented for a series of spatial zones as a function of energy. By look-
ing at these graphs one can immediately determine how sensitive the res-
ponse is to a particular cross section set in a particular energy range.
Therefore, the sensitivities are useful in determining which cross sec-
tion uncertainties are important in a given system and should serve as
a quantitative guide to nuclear data measurements and evaluations.

II-2. Uncertainty Analysis

Assuming that the response R can be related to a set of cross sec-
tion data {zj} by a symbolic expression R = R(rj) which, in general, is
a non-linear function of i, we linearize the function R and use the
definition of the sensitivity coefficients S; to get the following ex-
pression:

R - E(R) = $;(5; - E(3;)), (9)

1
1

where E denotes the expectation value. Furthermore, we let D = {djj}
be the covariance or dispersion matrix for the cross section set {zji}.
That is,

(10)
di5 =E((Z; - E(z3))(z5 - E(z5))).

Following the general derivation of statistical error propagation, the
variance of R, V(R), can be obtained as ,

V(R) = ] S;S.d (1)
i,J

Jii
The uncertainty or standard deviation of R defined as AR = YV{R}, has
the following matrix expression:
(aR)? = spst, (12)

where, S = (S],S ,...,Sk) is a row matrix representing the sensitivities
of R with respec% to a set of cross sections. St is the transpose of
S, and k is the total number of cross sections of interest. A common



p(agtice in the uncertainty calculations is that the relative sensi-
tivity coefficients are provided from the sensitivity analysis. There-
fore a modified mathematical form is implemented, that is,

(ar/R)? = popt, - (13)
where P is the relative sensitivity matrix, and 5 = {ai-} the relative
covariance matrix of the cross section defined as J

A, = d; . /5.%.. (14)

Eq. (12) mathematically connects the uncertainty of the response
and the uncertainties of the cross sections through the associated
sensitivity coefficients. It also clearly demonstrates that both the
highly sensitive and uncertain cross sections are most responsible for
the uncertainty of the response and therefore gives the designer a
direction to focus on if the accuracy criteria for some design para-
meters are not satisfied.

IT-3. Statistical Inference in Cross Section Adjustment

Cross section adjustment technique by utilizing the available in-
formation from integral experiments to improve our knowledge about the
basic data set has been developed extensively 3-5,9-12 gver the past
decade. Sometimes no statistical justification or physical basis is
given for the adjustment procedure or the usefulness of the method is
limited by some strict assumptions. A general method based on the
Bayesian inference in statistical analysis proposed by Dlr'agt]2 will be
outlined here.

Basically the concept of probability distribution could be used
to describe our degree of belief that a certain parameter (e.g., cross
section) has a certain value or distribution, the so-called prior dis-
tribution. After an experiment is carried out, the posterior knowledge
about the parameter contained in the posterior distribution should be
improved by drawing inferences from the experimental data. As a result,
the uncertainty of the basic nuclear data decreases and so does the
uncertainty of the design parameter of interest.

The consistent method, proposed by Gandini3, is basically a maxi-
mum 1ikelihood estimation (least square method) of the integral quan-
tities and basic differential data constrained by their functional
relationship. The approach of this method - sampling theory in statis-
tical analysis - ends up with the same result as the Bayesian approach
when the probability distributions are assumed normal. However,
Bayesian method is easier to use when dealing with non-normal distri-
butions. It provides a satisfactory way of explicitly introducing and
keeping track of assumptions about prior knowledge or ignorance. For
instance, after a study of residuals had suggested model (or assumption)
inadequacy, it might be desirable to reanalyze the data in relation to
a less restrictive model into which the initial model was embedded. If



non-normality was suspected, for example, it might be sensible to
postulate that the sample came from a wider class of parent distri-
butions of which the normal was a member. The consequential analysis
could be difficult via sampling theory but is readily accomplished in
a Bayesian frameworkl4. :

Let us consider a nuclear data field (mostly group cross sections)
combined into a column vector & of order m. Let us also assume that
the prior distribution of £ is an m-dimensional multi-variate normal
distribution with prior mean I and prior covariance matrix D, i.e.,
po(z) ~ N (£,D). The assumption of normality, a common practice to
simplify The analysis procedure in scientific investigation, is not
absolutely necessary which will be discussed later. Suppose we are
interested in n integral quantities, denoted as a column matrix Y,
which can be expressed as a function of £, i.e., Y = Y(z). Let Y be
the calculated values of Y. From sensitivity theory, we have

Y(z) = Y(z) + S(z-%), (15)

where . S = {sj3} is the sensitivity matrix and sjj represents the sen-
sitivity coefficient of the ith integral quantity with respect to the
J h cross section.

An important function which plays a very significant role in
Bayesian inferences is the likelihood function L?ZIYGX), where YEX
represents the experimental result for Y. It is "the" function through
which the experimental data Y€X modifies prior knowledge of £; it can
therefore be regarded as representing the information about I coming
from the data. The likelihood function is formally identical with the
conditional probability function of Y&X, given z, i.e., p(YeX|z). The
only difference between these two functions is that in p(YeX|:z) YeX re-
presents a vector of variables and £ a vector of constant parameters,
while in L( z|Y®X) YeX represents a vector of fixed values and I a
vector of parameters of which optimal estimators are to be determined.

The Bayes' theorem states that
Py (2L (2] ¥¥%)
Jpo(z)L(ZIYex)dz

p, (x]YeX) = (16)

where p, (2] Y8*), or simply p_(z) without confusion, is the posterior
distribution of the vector T after n observations Y&X have been ob-
tained. Again, we assume that the 1ikelihood function is normally
distributed with covariance E of order n and mean Y(z), that is,
L(z]vex) ~ Nm(V(z),E). Then we have two mathematical expressions:

L(z]Yex) = const -exp{ '1/2[Yex"712)]tE'1[YeX..Y(z)]} (17)
and
Po(E) = const cexpt ~12(z =DMz - D)y (18)



By using Eq. (15), we get

YeX - ¥(z) = vex - Y(3) - s(z-T%)
=V~ S(z-%) (19)
where
v = Y& L ¥(T). (20)

It is clear that V represents the differences between the experimental
values of Y and the calculated values associated with the prior mean :.

The posterior distribution of I can be derived by combining Eq.
(16), (17), (18) and (19).

p,(=) = const . exp{ -1/2(z -T")tp -1 (z -T' )} (21)
where :
T =T+ (stETs 07Ty TsterTy (22)
p~1 = p 1 4 steTs (23) ~

Therefore, the posterior distribution of & is also normally distributed
Yit? posterior mean r' and covariance matrix D' defined by Eq. (22) and
23).

Usually the number of differential data m is much larger than the
number of integral quantities n. The matrix D with order mxm has to
be inverted in both Eq. (22) and (23). That would pose a potential
problem if m gets too large. A reduction of matrix order is therefore
required for practical applications. The final result without showing
the tedious matrix manipulations is given as follows:

T - ¥ = pst(E+spst)-ly (24)
p' = D - pSE(E+sDst)Tsp (25)

Equations (24) and (25) are the basic formulae employed as the
computer algorithm in the cross section adjustment procedure. Notice
that the matrix to be inverted, i.e., E+SDSt, is a square matrix of
order n which is much smaller than the order m of matrix D.

The characteristic of sequential inferences in Baye's theory pro-
vides the possibility of a further matrix reduction in the procedure
for cross section adjustments. If Y consists of k statistically in-
dependent subsets, Yys Yos...,Y, the adjustment can be performed in k
steps. First, a new nuc%ear da%a set with covariance matrix is ob-
tained by an adjustment by Y1. Then this new set is used as the prior
data set for an adjustment on the basis of Yp. This procedure con-
tinues until the final set &' and covariance matrix D' are obtained
with the final adjustment on the basis of Y- In the extreme case, if



all experiments are uncorrelated, the calculation can be done without
any matrix inversion at all.

The assumptions of normality for the prior distribution and like-
Tihood function eventually lead to the result that the posterior dis-
tribution is also normally distributed with the posterior mean and
covariance matrix defined in Eq. (24) and (25) respectively. If one
has a strong feeling that either the prior distribution or the like-
Tihood function should not be normally distributed, the adjustment pro-
cedure could be carried out by using the real probability density
function for Eq. (16). In that case, the posterior mean and covariance
could still be calculated by implementing a computer program and using
the relatively complicated posterior probability density function.

II-4. Economical Aspect of Integral Experiments

In practical nuclear reactor design we always want to know the
mean values and the accuracies of certain design quantities. It is
not the accuracy of the differential data that really concerns us.
If the accuracy of a certain response is not able to satisfy our design
criteria after using our best knowledge about the differential data,
some experimental measurements may have to be carried out in order to
reach the design goal. Here we discuss a procedure to preanalyze the
economic values of these proposed integral experiments and to provide
a quantitative basis for the choice of the proposed experiments.

Following the derivation from the previous section, let us assume
that the current estimation (which may include information from the
available integral experiments) of a set of differential nuclear data
I is I with covariance matrix D, and the integral parameter y of the
proposed integral experiment has an experimental uncertainty e and the
sensitivity vector S with respect to ©. The adjusted data ' and co-
variance matrix D' can be obtained from Eq. (24) and (25) or

T - 7 = pst(et +spsty-ly (26)
D' = D - pst(e? +spst)Tsd (27)
Suppose that R is the design quantity we are interested in and Sp

is a row matrix representing the sensitivity of R with respect to :.
From Eq. (12) we can get the prior and posterior variance of R, i.e.,

2 _ t
2 - e t
(aR')“ = SRD Sp
_ t t, 2 ty-1 t
= SRDSR - SRDS (e“ +5DS™) SDSR (28)

Since e2+SDSt is just a number, Eq. (28) can be rearranged:

-~



(spDst)2
(8R)? - (aR")2 = R (29)
e +spst

Eq. (29) gives a simple analytical dependence of the error reduc-
tion on the accuracy of the new integral experiment in the most general
case. It is clear that the more accurate the new integral experiment,
the larger the error reduction. In the extreme cases, when e approaches
infinity, Eq. (29) is zero, i.e., we cannot: get any information from
the experiment, which is expected. On the other hand, we expect to get
the maximum information which can be extracted from the new experiment
when we have the 1imit of an infinitely small measuring error. The
maximum extractable information, or the maximum variance reduction in
R, is called the information content!0 (IC) for the given experiment
and the response R and can be defined as

(sRDst)2
IC ="~ (30)

spst

Half of the IC can be gained when e2 = SDSt = eZ. In general, ey
gives a quantitative value of how accurate the experiment should be
to obtain some value from it.

Eq. (30) allows one to compare the quantitative error reduction
in R (or a set of R) in a nuclear reactor design when several integral
measurements are proposed. However, it does not include some very
important information, namely, what the experiment will cost and how
much the error reduction is worth. A more objective comparison of
different experiments therefore requires a full economic analysis of
the benefits resulting from the error reduction.

To simplify the problem, we assume that the cost of electricity
from a power plant is a function of a set of nuclear responses Rr and
therefore a function of errors in Rp, ARp. That is,

C=C(eR). (31)

For a set of changes §(ARj), the cost changes by

§C = %—Wz%ryG(ARr), (32)

where 3C/3(AR,) can be called the cost sensitivity coefficient with
respect to the error in the response Rp. The benefit for the integral
experiment through error reduction is then

_ _ oC
CB = §C = ZWG(ARY‘)
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aC 2 T2
=7 ARS - AR
v aIARrS r r
t
S DS

= z r
B(AR ) (e +SDSt)1/2

(33)

The benefit sensitivity vector with respect to the basic nuclear data,
B, can be defined to further simplify the problem:

B =7 ﬂ_ggj S (34)

By assuming C; to be the cost of the integral experiment we can get a
mathematical éxpression for the cost-to-benefit ratio (CTBR).

¢, ¢ (e +spst)l/2
cTBR = L = - (35)
B BDS

The calculated value of CTBR should provide a quantitative basis
for comparing different experiments. Usually one should choose the
one with the smallest value of CTBR. Since C; is also a function of
e (C; decreases when e increases) and the sensitivity S is influenced
by t%e materials, geometry, compositions, etc., of the experiment, an
optimal value of CTBR could be obtained by properly choosing the ex-
perimental error and experimental setups. An optimal integral experi-
ment is therefore attainable through the pre-analysis of the cost-to-
benefit ratio even before the experimental facility is built.

ITI. APPLICATION OF UNCERTAINTY ANALYSIS TO NUWMAK DESIGN

III-1. Neutronics Analysis of NUWMAK

A new conceptual design of a tokamak reactor, called NUWMAKIS, has
the characteristics of medium field, high power density, high degree of
modularity, and moderate size. This design is especially attractive
from the viewpoints of system accessibility, low levels of long ter?
radioactivity and minimum penetrations. The power density (10 MW/m¢)
and electrical power output (660 MW) are chosen as typical of a full
scale reactor operating in a base-loaded mode. The TF coil set is
unique in that just eight superconducting coils are used. A set of 16
small water cooled copper trim coils that do not encircle the vacuum
chamber correct the field ripple to below 2%. The blanket is designed
to minimize thermal cycling, to provide internal energy storage, and
to eliminate the need for an intermediate heat exchanger. A lithium-
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1eqd eutectic, LigoPbgg, with a melting point of 464°C is used as the
tr1tium breeding and thermal energy storage material. The titanium al-
loy, Ti-6A1-4V, is used as structural material to maintain a low level

of long term radioactivity. Table 1 gives the major features of the
NUWMAK design.

Table 1
Major Features of NUWMAK Design
Power
Total Thermal Power 2097 Mug
Net Electric Power 660 MW
Plasma .
Major Radius 5.13 m
Minor Radius 1.13 m
Plasma Height to Width Ratio (b/a) 1.64
Plasma Current 7.2 MA
Toroidal Beta 6% :
NeTE 2x 1014 cm-3-sec
q(a) 2.64
Magnet .
On-Axis Toroidal Field 6.05 Tesla
Toroidal Field at NbTi Conductor 11.5 Tesla
Stabilizer Aluminum
Number of Toroidal Field Coils 8
Number of Cu Trim Coils 16
Blanket
Structural Material Titanium Alloy
Coolant Boiling Water
Breeding Material ‘ Lig2Pb3g
Average Neutron Wall Loading 4,34 MW/m2

A schematic of the blanket and shield design is shown in Fig. 1.
The neutronics analysis_makes use of the two-dimensional discrete ordi-
nate transport code DOT'®, The calculation was performed with the P3S4
approximation in r-z geometry. The nuclear cross section library is a
25 neutron and 21 gamma c?yp]ed ANISN-formatted library processed from
DLC-41B/VITAMIN-c by AMPX'/ modules MALOCS and NITAWL.

The neutronics results!8 are summarized in Table 2. 1In NUWMAK,
the breeding ratio associated with the outer blanket alone is 1.24.
However, the Li-Pb zone on the inside has been retained so as to main-
tain minimum thermal cycling of the structure. The total tritium
breeding ratio is 1.54, of which 90% is contributed by 6Li(n,a)T re-
actions. This is due to the large Pb(n,2n) and W(n,2n) reaction rates,
~°0.57 per source neutron and the sufficient amount of 6Li in natural
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SCHEMATIC OF THE BLANKET AND SHIELD
FOR NUWMAK

6
4+
SHIELD
3la
2 Fl@
+~ (BlT
2 1al”
(v PR
z 182
| 1 i A v _
2 | |3 5 Ll | 9 10 m—
29 335 398 64 69 795
\
coLD HOT BREEDING GRAPHITE
SHIELD SHIELD ZONE REFLECTOR SHIELD
3.5%Ti olloy | 4% Ti alloy | 5.7% Ti olloy { 3.5% Ti alloy | 3.5% Ti aclloy
95.25% B4C [93% W 894%Pb Li 95.25% C 95.25% B4C
1%  Ha0 [2% H20 |3.7% H»0 1% HpO0 | 1% Hp0
1025% Pb 1% Pb 2% Pb 0.25% Pb 0.25% Pb
Figure 1

Tithium within the Tithium lead eutectic. However, the tritium breed-
ing ratio is not very sensitive to the enrichment of 6Li in the total
Tithium inventory. It shows a maximum value of 1.64 at ~30% OLi and a
value of 1.51 at 90% 6Li enrichment. In the inner shield design, the
most restrictive criterion is found to be the resistivity change of the
Al stabilizer. The resistivity of the Al at 1.8°K is estimated to in-
crease by 15%/year due to the Al atomic displacement rate (2x 10-6 dpa/
year) and will necessitate periodic annealing approximately every two
years. As for the superinsulation, it is found that the dose to mylar
would exceed dose limits before plant life. An epoxy based superinsula-
tion whose dose 1imit is 1-5x 109 rads is therefore selected. At a
dose rate of 3x 107 rad/yr, the epoxy should last the plant 1ife.

JIII-2. Sensitivity Analysis

The one-dimensional sensitivity code SWANLAKE has been used to
calculate the sensitivity coefficients for the NUWMAK blanket and
shield. Forward and adjoint fluxes are calculated by using the one-
dimensional discrete ordinate transport code ANISNZ0 with the P3S4 ap-
proximation. Cylindrical geometries based on the minor radius are as-
sumed for both inner and outer blanket/shield to simulate the compact-
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Table 2

Summary of NUWMAK Neutronics Calculations
Tritium Production Inner Quter Total
6Li(n,0)T 0.2604 1.1249 1.3853
TLi(n,n'a)T 0.0375 0.1192 0.1567
TOTAL 0.2979 1.2441 1.5420
Neutron Multiplication Inner Quter Total
Pb(n,2n) 0.1339 0.4181 0.5520
W(n,2n) 0.0137 ——— 0.0137
TOTAL ' 0.1476 0.4181 0.5657
Nuclear Heating
(MeV/D-T Neutron) Inner Outer Total
Neutron 2.2665 8.9298 11.1963
Gamma-Ray 2.4143  3.5422 5.9565
TOTAL 4.6808 12.4720 17.1528
Maximum Atomic Displacement Rate in 2x10-6

the Aluminum Stabilizer (dpa/year)

Maximum Dose Rate in the Epoxy Based | 3X 10/
Superinsulators (rad/year)

Maximum Neutron Flux in the NbTi 7x 1010
Superconductors (n/cm2/year)

Total Nuclear Heating in TF Coils (Watts) ~500

ness of the system. The one-dimensional fluxes are then normalized to
the result from DOT and used for the sensitivity analysis. No gamma-
ray transport calculations are performed in order to reduce the com-
puting cost. Partial transfer matrices are processed from DLC-41B/
VITAMIN-C by AMPX module NITAWL.

In this study we have chosen six key quantities for our sensitivity
analysis, namely, the tritium breeding ratio, nuclear heating, first
wall dpa and gas production rates, energy leakage to the inner magnet,
and dpa rate in the Al stabilizer. A tritium breeding ratio of greater
than 1.1 is required as a_common practice, otherwise its only impact
on the reactor design is through the tritium recovery system. The
nuclear heating in the blanket will directly influence the electric
power output and the heat transfer design, therefore one needs a more
accurate value for this quantity. The first wall Tifetime will be
strongly affected by the dpa and gas production rates in the first wall
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- material which could be the determining factor for the choices of the
first wall material and wall loading. Since NUWMAK is designed to be
compact there is only a 1.05 m thick region for the entire in-
ner blanket and shield, which leads to the use of tungsten as the hot
shield material. The responses of dpa rate in Al stabilizer and energy
Teakage to the inner magnet therefore serve as an indication of the
effectiveness of the inner shield design.

Table 3 shows the energy-integrated sensitivities of the above-
mentioned six responses to various cross sections of the constituents
of the NUWMAK blanket and shield. Caution must be exercised on inter-
preting these results. The values of Table 3 come directly from SWAN-

: : , Table 3
Energy-Integrated Relative Sensitivities for NUWMAK
R] --- Outer Blanket Breeding Ratio
R2 --- Outer Blanket Neutron Heating
R3 --- First Wall Ti dpa Rate
Rqg --- First Wall Ti Gas Production Rate
R5 --- Neutron Energy Leakage to Inner Magnet
Re --- dpa Rate in Al Stabilizer
Cross Section R R2 i R3 _ R4 R5 R6
Ti total -0.050 -0.079  -0.016 -0.039 -0.349 -0.334
Pb total 0.137 -0.051 :-0.120 -0.003 -1.598 -1.238
12¢ total 0.048 -0.024  --- --~ -0.633 -0.595
108 totatl -——  -1.795  --- -—-  =2.106 -2.094
6Li total -0.865 -0.652 -0.011  --- -0.025 -0.024
/Li total -0.011 -0.105 ---  0.013 -0.319 -0.303
W total -5.214 -5.282
Pb(n,2n) 0.115 0.006 0.064 --- =1.078 -0.712
inel. level 0.002 -0.025 -0.024 ---  =0.146 -0.154
inel. cont. -0.022 -0.031 -0.002 --- =0.181 -0.127
elastic 0.040 0.001 0.085 --- =0.181 -0.231
6Li(n,a)T -0.864 -0.644 -0.011 ---  =0.001 -0.001
Li(n,n'a)T  -0.036 -0.047 --- -0.007 -0.132 -0.129
elastic 0.023 -0.042 -—— 0.018 -0.131 -0.119
Ti(n,2n) 0.011 - 0.004 -0.025 -0.097 -0.084
inel. cont. -0.028 -0.037 -0.017 -0.028 -0.157 -0.152
elastic 0.007 -—— 0.014 0.018 -0.052 -0.054
W(n,2n) -4.123 -4.030
inel. cont. -0.474 -0.622
inel. level ~-0.126 -0.143
elastic -0.451 -0.449

LAKE calculations which only represents the indirect effect (or flux
perturbation term) and do:-» not include the variation of the response
function itself (direct effect or detector term). As an example, the
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breeding ratio for the outer blanket has the Yewrgest megative semsitivity
with respect to 6Li total cross section, i.e, -0.865. From the sensi-
tivity theory we would expect a 0.865% decrease in the breeding ratio
if the bL§ density increases 1%. This is misleading. Since 6Li(n,a)T
reaction contributes 90% to the total tritium production, the relative
sensitivity from direct effect is 0.9 and the net effect is 0.9- 0.865
= 0.035. That is, as the tritium breeding decreases 0.865% from the
flux perturbation, it also gains 0.9% from the increases of °Li(n,a)T.
macroscopic cross sections. The same trend also happens to the sensi-
tivity of neutron heating with respect to the 6Li total cross section.
It has a value of -0.652 from indirect effect and 0.685 from the direct
effect and therefore only 0.685- 0.652 or 0.033 for the net result.

The characteristic of the breeding ratio being insensitive to most
of the materials in the blanket can be explained by the fact that a 50
cm thick breeding zone is more than enough and the tritium production
saturates. A result from a variational interpolation?l study also
shows18 that the total breeding ratio is about 1.51 at 90% 6Li, 1.64

* at ~30% 6Li which is a maXimum, and 1.54 for natural lithium. Inci-

dentally, the sensitivity of neutron heating, with the fact that the
6Li(n,a)T reaction contributes most of the neutron heating, has roughly -
the same behavior as the sensitivity of the breeding ratio, excepting
the contribution of boron-10.

Neither the gas production nor dpa rates in the Ti first wall have
sensitivities high enough to warrant further investigation. In con-
trast, the responses in the inner magnet far from the plasma are rela-
tively sensitive to the neutron transport media. The integral sensi-
tivities of the dpa rate in the Al stabilizer are -5.282, -2.094,
-1.238, -0.595 and 0.334 to the total cross sections of tungsten, 108,
lead, graphite and titanium, respectively. Further investigation of
the partial cross section sensitivity analysis shows that the (n,2n)
cross sections of the tungsten and lead are the dominant reactions.
The neutron energy leakage to the inner magnet also shows the same
tendency. As the energy dependencies of the sensitivities are con-
cerned, the highest energy group has absolute dominance for these two
responses.

From Fig. 2 to Fig. 7, we present some typical graphs, the sensi-
tivity profiles, for a combination of various responses and cross sec-
tion types. The solid lines represent negative sensitivities, i.e.,
the response increases as the cross section decreases, and the dashed
lines represent positive sensitivities, i.e., the response increases
as the cross section increases. Notice that only the flux perturbation
terms are presented here. By visualizing these profiles one can have
a clear idea for a particular response, in what energy range a parti-
cular cross section type would have the greatest impact. Information
from the sensitivity profiles would further simplify the procedure in
uncertainty analysis by allowing the neglect of the cross section types
and energy ranges which have negligible sensitivities. '
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III-3. Uncertainty Analysis

As derived in Section II, Eq. (13) is the basic formula for calcu-
lating the uncertainty of a design quantity through its sensitivity co-
efficients and the covariance matrices of the basic nuclear cross sec-
tions. The sensitivity coefficients are obtainable by implementing
transport and sensitivity codes. However, the incompleteness of the
covariance data seems to cause the most difficulties in the process of
uncertainty analysis. : :

A computer code, called PUFF, is available to process the covari-
ance matrices from error files in the ENDF/B-IV library. In this
study, we have modified PUFF to take care of the format changes22 in
the pre-preliminary ENDF/B-V file. The following are some major modi-
fications:

(1) A new subroutine written to read the entire error file to
pick up every energy boundary contained in the error file and
then to form an error energy grid.

(2) Subroutine DANNY revised such that it will process the error
file in order, i.e., first the sub-subsection of the NI-type
for the same reactions, then sub-subsection of the NI-type
for different reactions, and finally the sub-subsection of
the NC-type.

(3) Modifications of subroutine PUFF for processing the NI type,
LB = 4 and 5.

(4) The restriction on total number of standard deviations being
lifted by storing the standard deviations in a temporary file.

(5) Adding a new subroutine for plotting the correlation matrices,
group cross sections and relative standard deviations in user
group structure.

The data covariance matrices of four materials, 6Li, Pb, ]OB, and
12¢, have resulted from the preliminary ENDF/B-V files by PUFF process-
ing. Notice that these data have not yet been tested and may contain
some errors. Both 6Li and 10B only contain error files for the energy
regime below 1 MeV. However, it seems to be good enough for NUWMAK ap-
plication since the responses under investigation in NUWMAK are only
sensitive to the low energy absorption cross sections for 617 and 108,
As far as the other materials are concerned, there are no error files
for Ti, W, 7Li, 10B in the pre-prelimirary version of ENDF/B-V and no
Al data are available at the present time.

Table 4 gives a summary of the relative uncertainties for six de-
sign quantities in NUWMAK contributed from the uncertainties of total
cross sections. Those six quantities are defined in Table 3. The
first four responses, which are the breeding ratio, neutron heating,

Ti dpa in first wall, and Ti gas production in first wall, all have
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Table 4
Relative Uncertainty (%) of the Responses Contributed

From the Uncertainties of Total Cross Sections in NUWMAK

Material " AR/R (%)
R, R, R, R, R R
6, ;

i 0.72  0.55 === 0.03  -=m=  —ce-
Pb 0.34 0.10 0.02 0.39 5.02 3.89
12¢ 0.02  0.02  —===  e—==  1.09 1.78
108 mmem 0,39 mmee emem ccee een
UK o 2.89 2.65
W 42.35 39.86
Ti 2.46  2.14
113 1.50 1.07

TOTAL 0.80 0.68 0.02 0.39 42.88 40.24
(Vz AR/R)Z)

uncertainties below 1% which should satisfy the design criteria: The
remainders are the neutron energy leakage to the inner magnet and dpa
rate in the Al stabilizer which have uncertainties of 42.88% and 40.24%
respectively. The results are based on the assumption of 10% uncor-
related uncertainties throughout the entire energy range for the 7Li,
W, Ti, and 1B total cross sections. From Table 4 it is clear that the
uncertainties of these two responses are dominated by the tungsten
cross sections and could be cut down significantly if considerable ef-
forts were made to improve the accuracy of the 16 MeV tungsten total
cross sections.

I1I1-4. Error Reduction

As noted earlier, the uncertainty of the dpa rate in the Al sta-
bilizer for NUWMAK is 40.24% from all the materials and 39.86% from
tungsten alone. A major error reduction is possible by simply refining
the tungsten 14 MeV cross section. Here we propose @& Puises-2gneve
type<? experiment with a 5 cm thick tungsten sphere surrounding the 14
MeV neutron source. The 14 MeV neutron flux is to be measured outside
the sphere such that the 14 MeV total cross section can be derived
easily from the flux attenuation.

The response chosen in this analysis is the dpa rate in the Al
stabilizer which has a 39.26% uncertainty contributed from the tungsten
14 MeV total cross section alone. Therefore, the calculations will be
done just for the first energy group. The sensitivity for the experi-
ment is calculated by SWANLAKE and has a value of -1.1. The design

23
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quantity we are interested in has a sensitivity of -3.93 and the stan-
dard deviation of the tungsten cross section is assumed to be 10%.
Therefore we have Sp = ~3.93, S = -1.1, D = (0.1)2 = 0.01, and 4R =
0.3926 (all in relative units). From Eq. (30)

(sRDst)2
IC=——————t——-=S
SDS

~i.e., the information content of the experiment is exactly equal to
the variance of the response. This is just a characteristic of one

- group analysis and is not generally true. By substituting SR’ D, S,
and AR into Eq. (29), we have

b = (aR)% = 0.1541,

R

186461

e +121

where e is the experimental error, AR' is the posterior uncertainty of
the response, and both e and AR' are in percentage units.

(aR*)% = 1541 -

By our definition, ey = /sDst is the experimental error which
would reduce the variance of the response by half. In this case, ey =
11%, which indicates that if our proposed experiment were to be per-
formed with 11% error the uncertainty of the Al dpa would be cut from
39% to 28%. The following gives a one-to-one correspondence between
the experimental error and the reduced response uncertainty.

e (%) 0 2 4 6 8 10 11 ®

AR (%) 0 7.0 13.4.18.8 23.1 26.4 27.8 39.3

Since a full-scale economic analysis for the NUWMAK design is
not available, the economic analysis of the error reduction from the
proposed experiment will not be presented here.

IV. CONCLUSIONS

The theories of sensitivity and uncertainty analysis for fixed
source problems have been outlined and their application to a new
conceptual tokamak fusion reactor, NUWMAK, is studied. Several con-
clusions can be drawn from this study.

(1) Sensitivity calculations show that the breeding ratio and
neutron heating in the outer blanket of the NUWMAK design
are most sensitive to the 6Li and Pb cross sectigns with
integral sensitivities of -0.865 and -0.652 for °Li and
0.137 and -0.051 for Pb respectively. However, due to the
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relatively thick breeding zone design, these sensitivities
are comparatively small. A detailed partial cross section
analysis also shows that Pb(n,2n) and 6Li(n,a)T cross sec-
tions are the most dominant in this respect.

(2) First wall dpa and the gas production rate in the Ti alloy
have small sensitivities with respect to all materials,
while the neutron energy leakage to the inner magnet and the
dp& rate in the Al stabilizer are wotedl4 with their high
sensitivities to most of the materials in the blanket and
shield, especially tungsten. Sensitivity profiles indicate
the importance of the 14 MeV tungsten cross section as far
as these two responses are concerned.

(3) Detailed calculations from uncertainty analysis conclude
that the uncertainties of the breeding ratio, neutron. heat-
ing, Ti dpa, and first wall gas production are all below 1%
which should satisfy the design criteria. However, the
relatively high uncertainties of neutron energy to the mag-
nets and dpa rate in the Al stabilizer, 43% and 40% res-
pectively, suggest that a refinement in the tungsten 14 MeV
cross section may be worthwhile.

(4) For a pulsed sphere type tungsten cross section measurement,
we have found that with an experimental error of 11% and 6%,
the uncertainty of the Al dpa rate could be cut from 39% to
28% or 19% respectively. However, the economic value of the
error reduction requires a full scale economic analysis and
is not presented here. Nevertheless, a study of the NUWMAK
design indicates the reactor costs are quite sensitive to
the thickness of the tungsten zone which will in turn place
a relatively high value on an accurate knowledge of the
tungsten cross section. Since the pulsed sphere experiments
are of reasonable cost, it is almost a certainty that the
complete analysis would show a favorable cost benefit ratio
for such an experiment if the NUWMAK design is the basis.
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