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Abstract

A computational technique which can be used to solve the transport
equation in a fusion-fission hybrid system is described. This system is
characterized by a highly energgtic external neutron source and fissionable
materials in the fusion blanket. The transport equation is separated into
two parts. A large number of emergy groups and high order angular scattering
are included in a discrete ordinate S, method to describe accurately the first
generation neutrons produced by the flision source. Fission is treated only
as part of the total capture cross section. A fission source for the second
part is generated and the subsequent neutron spectrum associated with fission-
produced neatrons is described using a few group method with low order scat-
tering. The total integrated parameters of interest are the summation of
the contributions from both parts.

A reduction in the computational cost up to 50% is obtained when the
separation technique is applied to the particular fusion-hybrid system,
SOLASE-H, with an insignificant error (< 1%) in the integrated design par-
ameters. 'The sensitivity theory used to evaluate the relative sensitivity
coefficient of the total design parateter, R, to perturbation in the system
is used to demonstrate that the use of a low order scattering description
when solving the second part of the problem will result in an insignificant
error in Bhe fissile fuel production rate where a defined adjoint flux to
the first part and the adjoint flux of the second part are used. As shown
in this study, approximate estimation of the variation of R with time, as
a result of burning the bred fissile fuel, can be accounted for using the
forward flux of the first part and the adjoint flux of the second part
at the beginning of 1ifé.
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I. Introduction

The distribution of neutrons in nuclear reactors in space, energy

and time is the governing favor in the behavior and performance of
these reactors. These reactors can be categorized into three major
classes: the purely fusion,(lig) the purely fission(ﬂ) and the
hybrid reactors.(EEZ) The distribution of the neutrons in these
reactors can be, in principle, obtained by solving the transport
equation.(gilg) Many techniques have been used to approximate

this solution depending on the system complexity, neutron source nature,
and the degree of accuracy required for different design parameters
of interest. Among these techniques are: The Monte Car1o(ll:l§)
technique, the multi-group PN(lﬂ) method and the multi-group
discrete(lg) ordinates SN technique.

The Tinearity of the transport equation suggests the possibility
of utilizing the superposition principle to obtain the final solution,
As will be explained in the following section, the transport equation
can be separated into two parts where the solution of each part is
summed to obtain the total solution for the system, This proposed
technique has the advantages of using certain parts of the solution
to describe a more complex situation (e.g., high anisotropy
in the system) where a higher degree of accuracy is required.

In this respect, more sophisticated techniques can be utilized,
e.g., Monte Carlo, higher order PN or discrete ordinate method. The

solution to this part can then be used to generate a source term

to the second part where less restricted approximations can be used



to solve this part, e.g., lesser numbers of energy groups, Jower

orders of scattering, lesser angular quadrature, and possibly different
neutron cross-section sets, A related research work in connection

with analyzing the sensitivity of a hybrid-system parameter to
nuclear data uncertainties has been performed in a joint effort using
a Monte Carlo technique in the high energy\range.(léj- In this

study we used the discrete ordinates method to describe both parts,

The value of any linear design parameter (response), R, is
obtained by adding its value, evaluated from the first part, to the
corresponding value for the second part. As wil] be shown for the
application of this computational technique, the contribution to
R from the first part dominates in the particular system used in this
study. Using less restricted approximationsto evaluate the contribu-
tion from the second part results in an insignificant error in R and
utilizing this technique gives a noticeable reduction in the
computational effort and time needed to solve the problem.

In this study, an expression to evaluate the sensitivity
coefficient, P, defined as the percentage change in R due to
alteration . in the system, is developed. Such perturbation may
result from atomic density changes, etc. In evaluating P, the soluticns
to both parts and the coupling between them are used. This sensitivity
theory has been particularly developed to analyze the effect on R
when different numbers of Legendre terms are used to express the

scattering in different materials present in the system. This is



useful in identifying which material in particular will have more
impact on R when using Tow orders of scattering. As such, the

concept of the adjoint flux is utilized. A relation between a

defined adjoint flux for the first part and the adjoint flux

for the second part is given. As an alternate method, these adjoint
fluxes can be utilized to evaluate R. We find this latter technique

particularly useful for burnup calculations.

As an application, #he technique is used to solve the neutron

transport equation in the laser fusion-fission hybrid reactor,

SOLASE—H.(lQ:lg) This system is characterized by a high energy
neutron source (14.1 MeV) confined in a vacuum zone surrounded

by the blanket which contains a fertile material. P3-S4 approximation
and 25-neutron energy groups are used to solve the first part

which describes the higﬁ anisotropy of the system due to the
highly energetic neutron source while P]SZ approximation and 16-
neutron energy groups are used to solve the second part. In solving
the first part, no fissioning is considered in the fertile material
which acts only as an absorber. The solution to this part is then
used to generate a fission source to the second part. The two
solutions are used to evaluate the integrated result, R, which is the

fissile fuel production rate in this case.



II. The Theory

II.1. Separation of the Transport Equation Into Two Parts

The time-independent neutron transport equation and the
time-independent adjoint equation for both perturbed and unperturbed
systems can be written as:

L & = S(r,E,Q) (1)
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where

L & = Q *Vd (F,E,Q) + Z(F‘,E) $ (FaEsQ)

- [ dE'dR If(r,E'E,Q'0) (3)
¥ e =-g8-vo (FLES) + 5(F,E) o (F,E.0)
- [ dE'dR" zf(r,B*E' ,P0Y) (4)

where Z(r,E) = total macroscopic cross-section at position r and
energy E.

f(r,B>E',P0")

the differential scattering function. It gives

the probability of a neutron of energy E' at
position r with a direction Q' to reappear with
energy E with a direction @ at position r upon
encountering a collision

and

® (F,E,Q),Q* (r,E,) = the forward and adjoint angular fluxes of the

system at r,E and §.
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the external neutron source per unit voTume per unit
time emitted at r with energy dE about E and direction
dQ about Q.

ZP(F,E) the source for the adjoint flux,

m

We note that
Z(;‘SEI)f(F’Q'SE|+Q!E) = Z O’X(Y‘,EI) fx (F!Q"E!m’E)
« ‘
where the sum over 'x' includes elastic and inelastic scattering
with their corresponding f's normalized to units; fissioning with
f normalized to v(E), the (n,2n) reaction, with f normalized to

2, and so on. The integrated result (response functional), R,
is given(gl) by

*

R =<0, =<0 o> (5)

where the notation < , > means integration over all the phase space.

The operator L 1is divided into two parts, i.e.

L =H -F (6)
where
H=Q 90 +25 L.-2 5 [dE'd 2, .. (F.ELA'ES)  (7-a)
jx X] i x#f XJ 'XJ
and
Fo= 2 3 [dEd I f g (F.ELAVEN) (7-b)

j=fiss x=f xJ
where j denotes the elements present in the system at r, x is the

reaction type, ff is the scattering probability for fission normalized

to U and 'fiss' denotes the fissionable material.



If @1 denotes the solution to the equation

ooy =5 (8)

where S is the external fusion source and if @2 denotes the

solution to the equation

(H -F) &,=1L o, =F 2, (9)

HI
w
-

where S¢ is the fission source, then, upon adding Eq. (8) and Eq. (9)
we find

~

(H -F) @ +(H -F) 0,=5

1

which can be written as

This is the original transport equation for the system with

=0, + 0 (10)

1 2

Equations (8) and (9) give the solution for the two parts of the
total solution mentioned in the introduction.

The integrated result, R, can be described by two parts, i.e.

=
I

R, + R2 (11)

1
where

o> (11-a)



and Ry = <Zr . 05> (11-b)

I1.2. Evaluating the Integrated Result, R, Using the Adjoint
Fluxes of the Two Parts

We define the adjoint flux of the first part described by

Eq. (8) as the solution to the equation
H & =1z, . (12)

The corresponding adjoint equation to the second part with the

fission operator included is
L o, =%, . (13)

The adjoint flux to the second part, @Z » 1s the adjoint flux to the

total system, This becomes clear upon comparing Eq. (13) and Eq. (2), i.e.,

¢, = E . (14)

When multiplying Eq. (8) by @T and Eq. (12) by 2, followed by
an integration over all phase space % =z (r,E,Q) and subtracting

the two results we can establish the relation

<®:,S> = <Zr ,@1>

with Ry = <@ .S . (15)
Similarly, if we multiply Eq. (9) by @Z and Eq. (13) by o,

and integrating over the phase space £ and upon subtraction

we get



@;,mf>=<%,¢f (16)

with
Ry = <@, » F;> (17)
(19)

With the adjoint fluxes defined as importance functions
and with @E = ©* , therefore, Eq. (17) gives the contribution of
the fission source, constructed from the solution to the first
part, to the total result R. In other words, Eq. (17) can be used
to evaluate the importance of the fission source in contributing
to the final result R. If there is more than one fissionable
material in the system (fiss > 1), then we have

Ry= I Ryt I < Fs 22 (18)

j=fiss 23 j=fiss

and the contribution to the final result R from a particular

fissionable material is:

= <t, ,Fo.> 19
Rpj = <% s Fi?q (19)
where j = fiss. The total result R is then given by
R=R, + . .5 R, (20)
1 j=fiss 72§ ~

*

*

From Eq. (15) and Eq. (17), and since &

*
R =Ry + R, =<2, ,5

which can be written as



* * *

Eq. (21) establishes a relation between the adjoint fluxes of the
two parts using the fission and the external sources, A mixed
technique can be used to evaluate R, In this respect, @1 is used

to evaluate R1 using Eq. (17-a) and @Z is used to evaluate Ry using
Eq. (17).

IT1.3, Testing the Separation Technique, Cross Section Sensitivity
Anglysis

As mentioned before, when applying the proposed separation

technique to a fusion-fission hybrid system, the discrete ordinates
SN method is used. Higher ordersof scattering and a larger number of
energy groups are used when solving for @1 while Tow orders of
scattering and a smaller number of groups are used when solving for
2,.

To demonstrate that using lower orders of scattering in the
second part has no severe effect on the accuracy of the total result,
R, the concept of the relative sensitivity coefficient ?5(29522)
used. In this regard, the first order perturbation theory is

utilized to investigate the effect of considering a different number

of terms in expressing scattering in different materials in the system

on the pertinent results Ry and Ry. In particular, this procedure
enables us to identify which element has more impact on R when
lower orders of scattering are considered. In the following, the

sensitivity coefficient, P, is derived for both parts. These
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coefficients are used to perform the investigation mentioned above.
An expression to evaluate the total relative sensitivity coefficient
is derived using the solutions to both parts. This relation can

in general be utilized in connection with the proposed separation
method.

I1.3-1. The Relative Sensitivity Coefficient, P

From Eq. (1) and (2) and for the unperturbed system, we have

LE oY = s (22)
* *U_
L, ® 7= Spy - (23)

The corresponding equations for the perturbed system are

L, oP = s (24)
* *p=
L, @ Zpp - (25)

Subtracting (25) from Eq. (23), we get

* *p _ * *u - _
Ly @ " - Ly @ =B - 2y (26)
. * kY . .
Subtracting Lp ® * from both sides, we obtain
* *p _ *u - * _ * *u -
Ly @ - o™y = (L - L) e - x (27)

Multiply both sides by oP and integrate over the phase space to

obtain for the left-hand side, L.H.S.
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* % * % *
<@p,L ¢ - <aP Us =< LoPs o oP 0 U,
pPp” T S¥ehp? rp b
=<4 ,@p>_ <®*U’S>
rp
= <5 p u
<er,® > - <Zru,¢ >

SR (28)

i.e. L.H.S.

where SR is the change in R resulting from a change in Zr, and in o.

Therefore, Eq. (27), upon multiplying by aP, reduces to

SR = <@p,-6L*@*u> + <6%,,,0P> (29)
% = * *
where SL* = Lp - Lu (30-a)
and SZr = er - Zru . (30-b)

Equation (29) is exact and is valid for any variation in the operator
) *

8L or the response cross section SZr. SL in Eq. (29) can be

written in terms of any type of cross section variation Gixj for

element j as follows:

SL*= % % 8Z .- I I [dE'dd's {5, f, . (F,E,PE',Q')}
T ©o

+ XL f dE'dls {Z (r.E,E' 20 (31)

. f .
j=fiss x=f XJ X

where the variation in the fission operator &F is written

explicitly and the first two terms represent SH. Let us assume

that the perturbed differential cross section szj ij is proportional
to the corresponding unperturbed value in all regions of phase

space where perturbation takes place, i.e.
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with

% (PE) =¢c £ _.(r,E) (33)

where c is a constant which is independent r,E,E',0,j and &'

in all regions in the phase space where c#1 and Sc=c-1.

Then it is clear from Egs. (32) and (33) that

sc = S{ZXJfXJ(r’E’Q+E ')} = prfoJ(r’E > 1 2B ufoXJ(r £ ) (34)
- X = 13t
TuxjTxg (FEPE' Q) 2 uxiTxg (rESPER")
8L, . 2 (r,E)-Z _.(F,E)
Sc = 3 XJ - _BXJ 5 uxJ . (35)
uxj uxJj

Therefore, Eq. (29) becomes

SR= 2 I 6R.=68c{LZ-<pP, 1", 6™ +<x_, oP>} (36)
i x XJ i x XJ ru

It is understood that integration in Eq. (36) is to be performed

only over the perturbed regions of phase space where &c # 0. Within
the context of the Tinear perturbation theory, ¢p is replaced by o4

in Eq. (36) if the variation 8c is small. In this case SR is linearly

proportional to 8c, where

8R = 8¢ {33 - <o¥ 1", ¢*Us 4 <, pUs} | (37)
ix xJ ru
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(20-22)

Then, the total relative sensitivity profile » P, is defined as

- - =] u L, * gtu u
P= 2 Pix= T TREE - L0 b <k 00 (38)

which gives the percentage change in the final result R for a

unit percentage value of Sc. In Eq. (38), the summation over the
element j and type of reaction x is written explicitly to show that
it is possible to evaluate the percentage change in R due to a

particular reaction x and for a particular element j. Furthermore,

it is possible to assign different values for Sc in different energy

and spatial vregions. This is done in the context of the uncer-

tainty analysis of cross section data.(gg)

Writing Eq. (38) explicitly for a particular element, and a

particular reaction type, x, we get

[ee]

-1 v e OU/-, Ok U (=
Pix =R T é dE { dr 2 (F,E) [-07 (F,E)e7*" (F,E) + fo

- - Ly, =
3%%1. é. dE' ¢ (7, ) fij (FE2E') ¢ U(F,E)]
+ [ dE f dr 5, (F,E) ¢°% (F,E)} (38-a)
E

for x # f, x=r, and all j and

UL dE [ dF 2,5 (FSE) [=6O%(F,E) @Y (F,E) +
E J X

20| —

ij
o®% S(E) X(E') ¢ Y (F,E') dE']

+ [ dE [ dF g, (F.E) ¢ (F,E)} (38-b)
E
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for x=f, x=r and j=fiss, where the integral over the solid angle
Q is carried out by assuming azimuthal symmetry and expanding the

forward and adjoint fluxes in Legendre polynomials with coefficients

defined as
6" = [ 0U(F,ELT) Pylu) o (a)
* - -
$7 = [ oMU(RLER) Py() d (b)
oo fr (r,BE' 0 (c)
X,j Xj [} s A~
Py (1) dug (39)
where u = r * &, My = 4+ Q', P, is the legendre polynomial of
£

order %, ij(r,E*E') is the 2'th Legendre moment of the normalized
secondary energy-angle distribution function for element j and
reaction x, and x(E') is the probability that neutrons after
encountering fission will appear with energy E'. It is to be
understood that if x = absorption then fx's are zero. If x#r

the last term in Egs. (38) is eliminated.

The sensitivity of the result R to the number of terms
considered in the expansion of the transfer probability dis-
tribution function ij(F,E,Q+E',Q') can be evaluated for a particular
element j and a particular type of reaction x by truncating the
legendre expansion after %=N. If the scattering is highly anisotropic,
a higher number of terms are required.

11.3-2. The Relative Sensitivity Coefficient of the First Part, P<1)

The relative sensitivity coefficient, P§l), for the first part

of the problem, associated with fusion source neutrons due to perturbation
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in cross section type x # f, x = r and element j is obtained from

Egs. (38) with ¢$u and ¢:£u replacing ¢Ku and ¢*&u

,» respectively,

Lu *2 . . u *U .
where 9 and ¢1" are given by Eq. (39) with & and 2 replacing
¢ and @*u' For x # r the last term in Egs. (38) is excluded. R,
replaces R in Eq. (38).

(1)

If x jf

1l

f=p and j=fiss, then P is given by

PE < R LA T 6 3 (RE) 03(RE) ()

+ ] dE [ A L (FE) 4" (FAE)} (39-a)

which is always negative if x # r. One notices that although
fissioning is not included when solving for @1 but perturbing
the fission cross section is reflected on the total absorption
cross section.

I1.3-3. The Relative Sensitivity Coefficient of the Second Part, P\%)

The relative sensitivity coefficient, P§§), for the second part is
more difficult to evaluate because of the coupling between the
first and second part through the fission source, F©1. Rewriting the
forward and the adjoint equations for the perturbed and the un-

perturbed system, we get

u _ u
Lu @2 = ﬁ4@1 (40)
* *
L, @2“ = Iy (41)
P - p
Lp oh Fp o (42)
*
Lp @zp = er (43)



Subtracting (43) from (41) we get

6P - 1¥ 0¥ =5 .3
P2 " u'2 " %rp 7 “ru

Subtracting L; @;u from both sides we get
LY (o
P

*p *u _
-0,7) = (L

*

rp ru
Multiplying by @B and integrating over phase space we get for the

left-hand side, L.H.S.,

= <P, 2 > . <oru p
L.H.S. <®2, rp> <, Fp ©]> (45)

where Eq. (43) and Eq. (42) have been used. If we consider

Fp = Fu + &F (46)
of = oY + 50, (47)
we get
L.H.S. = 6R2 - aRcoup (48)
where
= pP _ pY - pPs _ u
8Ry = Ry = Ry = <k, 05> - <X @5 (49)
SR = <oV, oF oY + <orU, (F + oF) s8.>  (50)
coup 2° 1 2 Yu "1
and the relation
u_ _.*u U, _ u
R2 = <®2 . Fu ®1> = <Zru’ ¢2> (51)
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has been used. The sRcoup is the variation in the coupling term
between the first and the second part. The R.H.S. of Eq. (44)

becomes, after multiplying by ¢g,
= <P . *u p
R.H.S. <®2,‘ SL* @2 >+ <6Zr’ @2> (52)

where SL* and 62 are given by Eq. (30). Equating Eq. (48) and
Eq. (52) we find

= 8R__ + <ab

CSR2 coup 2°

u p
oL* 05>+ <62r’®2> . (53)

As was done in connection with Eq. (36), we consider

*
SL* = &c Lu (54)
and GZr = 8¢ Zru . (55)
The sensitivity coefficient, P(z), is now written as
S§R,/R
(2) _ 2772 _ (2) (2)
PPl s =5 = Pcoup ¥ Puncoup (56)
where
(2) _ éRcoug/RZ (57)
coup 8¢ ’
(2) 1 * *
Puncoup - FE'{<®2 - Ly %7 7t <Zr’®2>} » (58)

. . p u
and 6Rcoup is given by Eq. (50). 1In Eq. (58) we consider ®2 +

and dropped the subscript u for simplicity. For a particular reaction

x#f, x=r and for all j we have
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(2) _ p(2) (2)
ij ij,coup ¥ ij,uncoup (59)
where
(2) _ ] - - 0 *0/x
Pl uncoup - ﬁE'{é dE [ dF I 5 (F,E) [o5(r,E) ¢,°(F,E) +
o 2841 L, L - *9, -
E T,]_T—‘JE" dE' qu(raE) ij (Y‘,Ew> E‘) ¢)2 (,Y‘,E!)]
+ [ dE [ dF £ ¢o(r,E)} (60)
E
SR /R
2) _ Nixscoup’ "2 _ T *
and P( = = X <®,, F.y 62.> , (61)
jxscoup Sc R,dcC ji=fiss 2° "3t M
In Eq. (61), aij,coup is obtained from Eq. (50) with SF=0 since

x#f. The summation over j'is taken for all the fissionable
materials in the fusion blanket.

For x=f, j=fiss and x=r we have

(2) ] - - O/= *0,z
ij,uncoup = ﬁg-{f dE [drf Lt (FE) [9(F,E) ¢y (F5E)
E

+ L dEt 0] (F.E) S(E) X(E') °(FiEN)]

+ [ dE [ dF 2 (F,E) 635(F,E)} (62)
and
SR /R
2) _ jf.coup’ "2 _ 1 * p 1
p = = =—<b,, F. 0F> + z
jf,coup éc R, 722§ 1 Rzac jt=fiss
* >
<@y, Fy, 82 (63)

where Eq. (47) and Eq. (50) have been used and we considered
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6F, = OcF, . 64
im0 (64)

The total sensitivity coefficient, P, is then given by

p=pll) 4 p(2) (65)
where
pl1) =z p(l) (66)
jox Y
and
(2) . 5 (2) (2)
P B 3 .x (ij,coup * ij,uncoup) : (67)
. . (2) . .

It is clear that the evaluation of ij,coup requires direct
calculation to evaluate @? and 6@1. Using @? > @* and 6@]=0
leads to an error in evaluating PgiZcoup as will be shown Tater.
the evaluation of P(Z) ‘1s . straightforward.

Jx,uncoup

However,
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I1.3-4. Alternative Procedure to Evaluate the Relative Sensitivity
Coefficient, P

From Eq. (29) we have

SR = <¢ ¥ - sLoP> + <s%,,0P> (68)
but
P _ 4P 4 4P
) oy + @2 . (69)

) *u *u
and with ¢ = = 2, we get

SR = <o Y - sL(o"

) +05)> . (70)

p P
+ @2)> + <6£r’(®1

With SL = SH - 6F and using Eq. (30) to express SL and 8H we get for

the total sensitivity coefficient, P:

_OR/R _ 1 *y P 1 *y P *u P
Pr= T30 =R (S0ps By 07 ¥ g <00, 8 F o>+ <0y - L 02
p p
Tl O T <Ly ¢2>) (71)
which is exact. With P »~ u and dropping u for simplicity, we get
o1 * 1 " (2)
P = ﬁ;?ﬁg'(<©2:' Ho > + 5o <@us § Fy 09> + <2 s 89> + Ry Puncoup) (72)
where Péﬁioup is given by Eq. (58). One noticesthat the adjoint flux

of the second part (and the system), @Z, is used, rather than @?, as

the weighting function in the first two terms of Eq. (72). Equation (72)

. . . P . . (2) , when P
avoids direct evaluation of @1 and 6¢1 used in evaluating ij,coup

is evaluated from Eq. (57). If Eq. (57) is to be used, this direct

evaluation can also be avoided if we notice that
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6R = SRy + 6R, (73)

where 6R1is given by

_ Pyt P
SRy = <y,- SH ¢]> + <62r,¢1> . (74)

SR, is given by Eq. (49). Equating the R.H.S. of Eq. (73) to the R.H.S.

of Eq. (70) and with some manipulation we get

*u *u P, _ _z*u
<(<I>2 - )s - SH 21> = <2, F 8 ¢p> (75)

which is exact. With P -~ u and dropping u for simplicity, we get
<(or * > = <o >
(25 = 97),- 8H @y> = <2, , F 8 ¢, (76)

i.e. weighting the perturbed operator H with the difference between
the adjoint fluxes ¢: and @Z gives the coupling term which is needed in
direct evaluation.

In the following, the application of the method of separation discussed
in this section to a hybrid system including fissionable material
is given. The sensitivity theory cited here is used to demonstrate
the effectiveness of this method.

ITI. Application of the Proposed Methodology

III.1. Results for Different Separation Schemes

The method of separation has been applied to the Laser Driven Fusion-

Fission Hybrid Reactor SOLASE-H.(16']7)

A one-dimensional spherical
geometry scheme has been adopted in carrying out the calculation with

the neutron transport code "ANISN"(24) using discrete ordinate SN method.
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The schematic diagram describing the blanket is shown in Fig. (1),

The fuel zone consists of ThO2 fuel assémb]ies td breéd U;233.ffom
the Th(n,y) reaction. Besides the (n ,Vog) reaction in Th to multiply
neutrons in the blanket, a Pb front zone has been utilized to enhance
the neutron population through (n,2n) reactions. This will increase the
uranium breeding ratio (UBR)(ZS) and the tritium breeding ratio (TBR).(25)
Breeding tritium takes place in 3 zones (zone #4, #8 and #10). The

D-T neutron source (14.1 MeV neutron) is localized in a zone of 0.5 cm
radius at the center and a vacuum cavity of 499.5 cm thickness separates
the D-T pellets from the blanket. A reflector zone of Pb+C is located
behind the fuel zone to reflect neutrons, hence, increase the value of

UBR and TBR.

First, the equation describing the system, Eq. (1), has been solved
without performing the separation technique (once-through calculation)
using 25 neutron groupsand P3S, approximation; 25-g (P3S4). The
separation methodis then applied using 25-g (P3S4) in solving the first
and second part (Eq. (8) and Eq. (9), respectively). The results of
these calculations are shown on Table (1) where summations of
integrated parameters from both parts are given. These summations are to
be compared with the once-through results. As shown, the results
of the once-through calculations and the separation method calculations are
the same in both cases, except for the round off error results from
preparing the fission source data to the second part. The UBR and the TBR
are in agreement in both cases within - 0.41% and + 0.61%, respectively.
One should notice the neutron balance represented by the

sum of absorption and lTeakage and the sum of the

external source (n,2n), {n,3n) and (n,vcf) reactions. As shown in
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+
Table (1) Once Through and Separation Method Results Using

the Same Approximation; 25—g(P3S4)

Ist Part (27) 2nd Part (%)) Once-Through
Case 25-g 25-g Sum 25-g
(P354) (P3Sg) Col. T1+2 (P3S4)
Parameters Col. #1 2 3 4
Leakage 7.6992-3 3.1777-4 8.0169-3 7.9788-3
Absorption 1,7019 7.9716-2 1.7816 1.7817
Sum (neutron 1.7096 8.0034-2 1.7896 1.7896
population)
(n,2n)+(n,3n) 7.09€0-1 1.6360-4 7.0976-1 7.0976-1
(n,vog) 0(7.8043-2) 1.8274-3 7.9869-2 7.9869-2
External Source 1 7.8043-2 1 1
Sum| source+(n,2n) 71.7096 8.0034-2 1.7896 1.7896
[ (ns3n)+(n,v0f)J
TBR(Li-6) Zone 4 9.8813-2 3.7917-3 1.0260-1 1.0420-1
Zone 8 4.0139-] 2.1769-2 4.2316-1 4.1606-1
Zone 10 7.2363-2 4.0052-3 7.6368-2 7.8075-2
System 5.7257-1 2.9566-2 6.0214-1 5.9833-1
TBR (Li-7) Zone 4 1.2975-2 4.8124-5 1.3023-2 1.3023-2
Zone 8 1.3864-2 1.0359-4 1.3967-2 1.3967-2
Zone 10 0.1570-5 1.9094-7 9.1760-5 9.2546-5
System 2.6929-2 1.5191-4 2.7081-2 2.7082-2
Total TBR 5.9949-1 2.9618-3 6.2922-1 6.2541-1
UBR(Th(n,Y)) 8.8858-1 4.1281-2 9.2986-1 9.3386-1

+ A1l the results are given per D-T neutron
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Table (1), the external source to the 2nd part is the fission source
evaluated from ¢; . In this blanket, most of the
tritium is due toﬁLi(n,a) reactions particularly in zone 8 where

thermalized neutrons are reflected back from the Pb+C zone.

We have used the same order of approximations [25-g (P3S4D in both parts

to show that most contributions to the total results are due to the
first part where the highly energetic external neutron source is
considered. This shows the necessity of performing the first part

calculation with more details if better results are required.

To compare different levels of approximations within each part of the
separation technique, we have also analyzed the same blanket using a 46-g
(P3S4) analysis of the first part (related to the external source neutrons)
and 25-g (P3S4), 25-g (P152), and 16-g (P152) approximations for the second
part (related to subsequent fission neutron generations). The results
are presented in Table (2).

Comparing the first column in Table (1) and Table (2), we find

that the tritium production rate from 6L1(n,a) reactions has increased from

0.57 to 0.62 (~ 8%) when 46 energy groups are used in solving the first part.

increase is due to the use of a finer group structure in the Tow energy
range where this reaction rate is high. Because of the competition
between fissile fuel and tritium production, the UBR is reduced from 0.886
to 0.822 (~ 8%). The fission source to the second part also decreases
to 0.0777 compared to 0.078.

When the second part is evaluated using 25-g(P3S4) approximation,
all the integrated results are slightly smaller than the corresponding

values if 25-g (P3S4) approximation is used in solving the first part.

This
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This is partly due to the overestimated value of the fission source from
the first part evaluated with 25—g(P3S4) approximation. Consequently, the
TBR is larger and the UBR is lower.

When solving the second part with 25-g(P]SZ), i.e. Tow order of
scattering, the Teakage in this part has decreased compared to the
corresponding value with 25-(P3S4) approximation. This is because we
considered more neutrons to be scattered back when encountering collisions
and theseget a chance to reenter the system. Due to this less restrictive
treatment for anisotropy the TBR has increased and consequently,
the UBR has decreased (compare cols. 4 and 2, Table (2)).

The results show slight decrease in UBR and slight increases in TBR
when the second part is solved with 16-g(P]SZ) approximation (compare
cols. 6 and 2, Table (3)). Neutron leakage, total absorption and total
neutron population are larger compared to the 25-g(P3S4) case. The
differences in the 16-g(P1SZ) evaluation compared to the 25—(P3S4) evaluaticn
aremore pronounced, although small, than the case when 25-g(P]SZ) and
25—g(P3S4) evaluations are compared. In this blanket, the results
are more sensitive to the number of neutron energy groups than the
order of scattering.

In general, the results show slight decreases in the UBR and s]ight
increases in the TBR when the second part of the problem is solved using
lower order PL—SN and smaller numbers of groups. The maximum error in the
contribution of fission produced neutrons to all reaction rates and to leakage
is about 9%, but the largest error in the total reaction rates or the leakage
is less than 1%. Thus, the separation method is clearly advantageous to
use with a low order treatment of the second and subsequent neutron generations

(a1l fission produced neutrons).
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III.2. Evaluation of the Total Result Using the Adjoint Fluxes

One of the total integrated reaction rates of interest in a hybrid
blanket is the fissile fuel production rate. In the blanket outlined on
Fig. (1), this is the total number of U-233 atoms produced from Th(n,y) reactions
per D-T neutron, UBR. Rather than using the forward flux as in the previous
section, UBR can be evaluated using the adjoint fluxes evaluated for the separated
problem as given by Eq. (15) and Eq. (17). 1In Table (3), we give these evaluations
with the corresponding percentage differences. From this table, using the adjoint
fluxes underestimatesR] and R, and consequently R. This is more pronounced
in the first part where the external source (14,1 MeV) is localized. How-
ever, the difference between forward and adjoint calculations for the
second part is not significant since the fission source is distributed
throughout the fuel zone in the blanket and with average energy much Jower
than the energy of the external source. Since R, << R1 in the blanket
studied, the adjoint calculation with the lower numbér- of groups and scattering
order can be used to evaluate Ro while the forward calculation with larger
group number and order of scattering can be used to evaluate R1. This will
add more reduction in the calculational cost since evaluating @2 is Tess
expensive than evaluating o, as will be shown in Section III.5.

IT11.3. The Sensitivity Analysis

In this section, we discuss the application of sensitivity analysis to
a hybrid system and we do so by applying the theory to demonstrate the in-
sensitivity of the main results to the scattering order and number of groups
used for the second and subsequent neutron generations (the second part of

the flux evaluated in the separation procedure).
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To identify which elementshave a large sensitivity coefficient for
fissile fuel production, the sensitivity coefficient, P§l) 1s evaluated
for each element present in the blanket using the 25-9_(P3S4) approximation.
The cross section type perturbed is the total cross section. This
perturbation is considered to occur by zone as well as the entire blanket.
Eq. (38), with % and @T, is used to evaluate P§l) and four terms are
considered in expressing scattering. The last term in Eq. (38) is
excluded. R], as given by Table (1), is 0.8858 in this case. It turns
out that Pb and 6L1 have the highest values of P§l) (excluding Th).

. s . (2) .
The uncoupling sensitivity coefficient, Puncoup’ given by Eq. (60)
(excluding the last term), has also been evaluated with 25-g (P3S4)

approximation with R2=0.O413. These two coefficients are given in

columns 3 and 4, respectively, in Tables (4) and (5) for Pb and 6Li.
The sensitivity coefficient, P, using the once-through (no separation)
calculation using 25-g(P3S4) is calculated and tabulated in column 7
using Eq. (38) with R=0.933855.

The predicted percentage change in Ry and R, compared to P4 calculations,
when different numbers of terms are considered in expressing scattering,
have been evaluated for P(]) and P(Z)

jx jxsuncoup”
Table (4) and Table (5) are these predictions where one term, two

The entries Po’ P1 and P2 in

terms and three terms are considered for scattering. The entry denoted
"sens." 1is the corresponding sensitivity coefficient when P3 approximation
is used.

One noticesfrom these tables that the predicted percentage change
in P3 calculation for both Pgl) and Pgizuncoup increases when Tower
numbers of terms are retained in the scattering cross section-Legendre
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expansion and that these predictions are always much Tess in the second
part than the corresponding values in the first part. This is true for
all zones. This shows that if lower orders of scattering are used in the
second part, the contribution R2 to the total R will not significantly
change. This is due to the fact that the fission source to the second
part is isotropic in nature, and hence, using higher orders for scattering
is not needed.

Evaluations of P§l) with 46-g (P3S4) in the first part and P§§Zuncoup
with 25-g(P3S4) in the second part are also included in Tables (4) and

(5). The general conclusions mentioned above are clear in this case.

II1.4. Evaluation of the Total Relative Sensitivity Coefficient

One noticesfrom Tables (4) and (5) that the summation, ij,uncoup’

given by
R,p{1) g, p2)

ij,uncoup - 1RJx + Jxﬁuncoup (77)

and introduced in column 8 is not the same as the total sensitivity
coefficient, ij, given in column 7. The difference is the contribution

to ij from the coupling between the two parts of solution. As mentioned

in Sec. II.3-3, this coupling coefficient requires direct evaluation

of 8¢, which can be avoided if Eq. (72) is used. The first term in

this equation has been calculated using the 25-g (P3S4) approximation and the
result is given in column 5 in Table (4) and table (5). The result of
calculating Eq. (72) is introduced in column 6 of these tables. The second

and third terms in Eq. (72) are excluded since §F=0 and x # ZTh(n,y).
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The value of ij evaluated from this equation and the corresponding value
evaluated from the once-through calculation should give the same results
as shown in Table (4) and Table (5). The contribution to ij from the

coupling term, denoted Djx coup’is the difference between the entries in

column (6) and column (8). It can be shown that Djx,coup is given by

D = i F >

jx,coup ~ Réc “%2° jx 869> - (78)
Direct evaluation of Djx,coup has been performed for Pb assuming 1%

change in the total cross section in different zones as well as in the

total blanket. Adding D. to S,

jx,coup jx,uncoup 91Ves ij which should equal

to ij evaluated from Eq. (72). The results of these calcuations are
given in Table (6). It is clear, then, that evaluation of the sensitivity
coefficient using Eq. (72) is recommended when the separation method is
used since direct evaluation for the perturbed system is avoided.

IIT.5. Cost Reduction Using the Separation Method

The costs of the several cases presented in Tables (1) and (2) have
been estimated based on the CPU time for overnight runs using the UNIVAC 1110
computer of the University of Wisconsin. These costs are presented in
Table (7). A reduction of .~ 46% in the cost is obtained if the first part
is evaluated with 46-g (P3S4) and the second part evaluated with 25-g
(P]SZ) compared to a once-through 46-g (P3S4) run. The associated error
in R (the UBR in this case) is ~ 0.03%. The percentage error in R for
some of the different separation schemes shown in Table (1), Table (2) and

Table (7) are given in Table (8) with the corresponding reduction in the cost.
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Table (6) Relative Sensitivity Coefficient for Pb With
Pb(n,tot) Cross Section Increased 1%
by Zone and System. 25-g (P3Sq) Calculations
for the First and the Second Part Are Used
D
o(1) o(2) coup
uncoup p ¥
* * *
Zone <¢1;6H¢1> <¢2§L¢2> <¢2;6H¢1> Eq. (72) Suncoup Dcoup ScouP
R, 8¢ R,8¢ R&c
1 2
3 2.05-1 1.97-3 1.65-1 1.65-] 1.96-1 -3.10-2 1.65-1
9 2.38-2 2.29-2 2.26-2 2.36-2 2.37-2 -1.00-4 2.36-2
System 2.29-1 2.49-2 1.87-1 1.88-1 2.19-1 -3.10-2 1.88-1
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Table (8) Percentage Error in the U-233 Breeding
Ratio for Different Methods of Separation
and the Corresponding Reduction in Cost(*)

46-25 46-25 46-16
% Error in R -0,0001% ~0,03% -0.05%
% Reduction in Cost 37% 46% 48%

* Based on R(UBR) = 0.8623 for 46-g (P3S4) once-through run
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From Table (8), it is clear that the error in R is significantly small
compared to the gain obtained by reducing the computational cost of

the different approximations used in the method of separation,

II1.6. Application of the Separation Method to Burnup Calculations in
" Hybrid Blankets i

Due to fissioning of the bred fissile fuel in a hybrid blanket, the
fissile fuel production rate, UBR, will chanage with time. The value of

R-with time can be approximated from the expression

¢
=~ 0 ) * 0
UBR(t) = UBR{ + =fiss <¢2,Fj,(t)@1> (79)
where
UBRY = <Lrfn,y),43> . (80)

In the above equations, the forward flux, ¢?, at the beginning of Tife
is used to evaluate UBR? which is assumed constant. The adjoint flux of
the second part (and the system) at the beginning of life is used
to evaluate the contribution to UBR from g11 fissile materials
present in the hybrid blanket at the subsequent time. Knowledge of the
variation of the atomic densities of these fissionable materials is
required. Eq. (19) can be used to identify which fissile element
contributes most to UBR as @ function of time.

The results of these calculations for the blanket used in this study
is presented in Table (9). UBR is the total uranium breeding ratio at time t,
and UBR] and UBR, are the corresponding contributions to UBR from the first

and second part of the separated solution for the neutron flux.



39

*paJ4BpLSU0D SL BWLY YjLm Ne pue He UL uoLjelLdea syl .Avmmav b-GZ WOAq (xx)
(Vs€4)-Bsz (61) b3 woay (+)
(Vs€4)-Bgz(08) b3 woud (x)
e 9+ 92¢00° 1 9200° L GLLL'O LOv0°0 vLELTO 9888°0 Ayt =12
Le e+ €496°0 €496°0 LOLL"0 90t%0°0 L0Z0'0 9888°0 A 170 = 1
0 66¢6°0 6626°0 ELv0 0 eLvo’o 0 9888°0 0=1
suoLje[noe) ¢ 0
40443 % 39841LQ ddn [e3jol Nmm: Le3ol AmmmlshuhVAmem: Ammmu:nthwwmms me: ouiL]
A*vaOLw ddn (x)0

(6£) *b3 pue poyisy
uoLjededag ayl bBuLsn swL] “SA Ygn 40 anjep (6) @1q9eL




40

we see that the contribution to UBR, comes primarily from fissioning in
U-233 and this increases with time as the U-233 builds up. However, the
contribution from Th-232 to UBR2 decreases slightly with time. In fact,

it has been shown from the neutronic study using direction ca]cu]ations(]7)
that the fission rate in Th is almost constant. The value

of Th(n,vo¢) reactiors per D-T neutron is 0.0799, 0.0822 and 0.0848 at

t=0, t=0.7 and t=1.4 yr, respectively. The corresponding values for

U-233 fission ratesper fusion event are 0.0, 0.1474 and 0.3048, for t=0,
0.2 yr and 1.4 yr, respectively.

IV, Conclusions

The method of separation discussed in this study can be applied to fusion-
fission hybrid systemgwith a substantial reduction in the computational
cost (up to 48%) and small errors in the predicted integrated results
(< 1%). The method in discrete ordinates is similar to the procedure used
by Kotov and etra1.(15) where the fusion neutron behavior (the first part)
is treated using Monte Carlo technique$. Indeed, any transport method
can be used. Here we use high order scattering and discrete ordinates for the
zeroth generation (source neutrons) and low order SN (or diffusion theory)
for subsequent neutron generations due to fission.

The theoretical model developed here to evaluate the sensitivity
coefficients for both parts of the solution and for the system as a whole
can be used to demonstrate the applicability of using lower orders
of scattering when solving the second part. In particular, it can be used
to identify which element in the system has the greatest impact on the total
result R (e.g. fissile fuel production). The sensitivity technique can,

of course, be applied to any parameter.
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The adjoint fluxes of the two parts can be used to evaluate a
particular reaction rate. In a hybrid when the reaction rate is the
uranium breeding ratio, we have shown that the variation of UBR due to
fissioning in the bred fissile fuel can be accounted for using the beginning
of life values of the adjoint flux of the second part and the forward
flux of the first part as an approximating function. An error of the
order of 6% in R after 1.4 yr of operation is obtained for the hybrid

(17)

blanket used in this study.
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