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I. Iﬁféoduction !

An important part of any detailed examination of the feasibility of
controlled fusion is to establish, as best possible, the plasma operating
conditions. A number of recent studies]’2’3’4 have attempted to calculate
possible steady-state p1asma operating conditions in CTR systems. The most
complete study on closed systems is that of Rose,2 who examined in detail
the dependence of the steady-state conditions on the levels of bremsstrah-
Tung and synchrotron radiation, alpha particle heating, convectivé particle
and energy losses, and details such as electron-ion rethermalization and
energetic particle injection. However, jt is difficult to apply these re-
ailts to a specific closed system, such a§ a Tokamak5 or Stel]erator,6
because of the schematic used to cbtain the solutions. The steady-state
conditions (such as the temperature of various plasma components) are
derived from particle number and enérgy conservation equations, including
an equation for the particle confinement time, Ter In general, Te depends
on density, temperature, and system parameters. In the work of Rose,2
however, the solution schemafic is to choose a value of the electron tem-
perature, solve for the ion temperature using one of two energy balance
equations, and determine a confinement time, Teo such that a second energy
balance equation is satisfied. It is therefore difficult to uncover the
dependence of the steady-state solutions on the functional variation of Te
with temperature and density.

In this report, we derive a set of steady-state equations that will be used
to study steady-state solutions for Tokamak-1like CTR systems and to examine
the dependence of these solutions on system parameters.]zThe parameters of

interest include Bp’ the ratio of plasma pressure to poloidal magnetic field
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pressure, the stability factor, q, the aspect ratio, A, and the toroidal
magnetic field strength, BT' The steady-state solutions are determined
self-consistently from a set of particle and energy conservation equations

together with confinement time formulas that have functional forms of

particular applicability to Tokamak and/or Stellerator systems.7’8’9’10

9,1

The solutions include restrictions on q and ep. In the next section,

a derivation is given of the particle and energy balance equations that

are used to obtain the numerical results to be presented in another r‘eport]2

and to discuss the stability of steady-state solutions in section III.

————e

II. Basic Equations

The basic particle and energy conservation equations for an axisymmetric
Tokamak plasma operating in the banana regime of neoclassical diffusion7’8
as derived by Rosenbluth, Hazeltine and Hinton? (RHH) are:

a. Particle Conservation
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b. Electron energy conservation
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c. Ion energy conservation
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The notation is:

-2
th

particle flux

n = particle density
r = radial coordinate measured from center of plasma
R = major radius of torus
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Be = poloidal magnetic field
BT = toroidal magnetic field
Pe = electron gyroradius

n = Spitzer resistivity

~ subscripts i,e label ions and electrons.
The assumptions that are important for the studies in this paper are that
ng = ng, the plasma is hydrogenic, no alpha particles are present, there
are no radiation losses, and‘the diffusion is in the banana regime7’8 of

neoclassical theory. The quantifies <v_> and Pe are defined as:

e
(2m,T,) /%
Pe = TeB, | (9)
-1 3me]/2 T83/2 (10)
<y > = 0
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The last term in equations (3) and (5) is the electron-ion rethermalization
term.

To derive equations for the study of plasma particle and energy steady-
state conditions, we need specific limits of the general equations. To
simplify the derivation, consider a CTR plasma system operating with a

13 and Princeton

diverter. (In the systems proposed by the Wisconsin
gmup~s,]4 a poloidal fie]d divertor is contemplated.) Regardless of type,
however, when a divertor is in operation, there is a bounding field line

such that any particle stepping across that field line is diverted out of

the system. Thus, one expects convective energy losses to be important



but the temperature distribution to exhibit a sharp boundary at the plasma

edge so that conductive energy losses are minimal.

state form of equations (3) and (5) simplify to:

In this case, the steady-
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To o>tain a set of space-independent equations, we make the following
heuristic identifications:
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where rp is the plasma radius and A = R/rp is the aspect ratio. Using
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where D§c1 is the neoclassical diffusion.coefficient in the banana regime7’8’9

10 S is a "spoiling factor" which is included

and q is the stability factor.
so that one can investigate confinénent times other than the theoretical

value, S = 1. The particle confinement time is defined as

2
r
Te © "EE— (21)
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so that (18) becomes
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In a similar way, one can derive the electron energy conservation equation:

0T,
_(g.- T_$§. T_) £e. Qgq * Epd, =0 (23)
C

Equations (20) and (21) were derived assuming no conduction losses (i.e.,



that a diverter is operative) and that the identifications (15) - (17) are
reasonable. In this same spirit, we can include conductive losses using an
energy confinement time, TE,'derived as follows: Identifying the standard

conduction term in equations (3) and (5) gives

BTi
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where w1 is the ion energy flow per unit volume per unit time due to conduc-

tion. Ky denotes the ion thermal conductivity. An equivalent equation exists

for electrons. Using identifications equivalent to (15) - (17), one can de-

rive:
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Similarly, TE is defined as
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The proportionality in (30) is the well-known theoretical result that ions
are expected to preferentially conduct energy out of the system.]s For

n = ni, we have

e
i e ,
Te = Te (31)
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and for Ti = Te’
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Note that (28) and (30) are neoclassical definitions of the energy contain-

ment time. It will be useful to also use the pseudoclassical definition]6

of 1¢ in numerical work. Using (29) and (30) in (22) and (23) yields
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To finally derive the equations we seek, fusion reactions, alpha particles,
fuel injection, and radiative losses must be introduced. Consider each in turn.

Alpha particles satisfy the particle conservation equation

(37)

Let Uai(Te’ni’ne) and Uae(Te’"i’"e) be the fractions of the initial alpha

energy, Ea (3.52 MeV for D-T system) deposited in the ions and electrons,

19

respectively, as the alpha sTows down. ” Then the alpha heating terms to be

included in equations (35) and (36) are:

2
"y
7 <ov> Ea Uai (38)
2 |
7~ <ov> Ea Uae ’ (39)

<ov> is the Maxwellian averaged fusion rate.2 Injection and heating adds
the term
2
Ny Mysav "e e

i
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Tc Tc .

(40)
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to the ion equation and

pa
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to the electron equation. Here, E; and Eg are the injection energies of the

ions and electrons (usually 58 = 0) and

Uii = fraction of ion injected energy going to ions

Uie = fraction of ion injected energy going to electrons

Uei = fraction of electron injected energy‘going to ions

Uee = fraction of electron injected energy going to electrons.

Finally, radiation losses must be included. Bremsstrahlung losses from

electrons are
W, = Ax("i + zi n, + §m z?m "im)"eT;/z . (42)

Synchrotron losses in low-g systems haye only recently been given more atten-
tion]7 and the definitive study remains to be done. Indications are that
for Te <20KeV, synchrotron losses are small,but this point is under investi-
gation.]8 We will simply include these losses symbolically as wc. Each of
these terms, i.e., alpha heating, bremsstrahlung losses, and synchrotron
radiation are discussed by Rose.2

In CTR Tokamaks operating on a D-T fuel cycle, the particle confinement
time 55 expected to be greater than one second and perhaps as many as 50-60
seconds. For these conditions, the alpha slowing down time is short compared
to the confinement time and the alpha particles can be expected to fully

19

thermalize. It can be shown that this also implies T T, to
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a very good approximation. With this, the final set of particle
and energy conservation equations are:

a. Particle conservation

o = 13 * 2o+ ] Zin Mim (43)
im
@ ny X <ov>
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b. Ion energy conservation
n%«w* | ni n§<ov> e e
*"“r‘" E(I U(ii(re;ni ;ne) + (‘T + 2 )EO Uii + _—é' EO Ue'i
T T
o c
n. T,
1 1 i1 -
- (fq‘* ';'("3;‘“) + Qi =0 (46)
e TE

c. Electron energy conservation
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[I1. Stability

Equations (46) and (47) can be used to determine the stability classifi-

20

cation of the steady-state operating point. Mills®" has argued from simpler

equations that Bohm diffusion will lead to a stable operating point when T is




-12-

betwdeh 7 and 28 KeV. However, in recent studies Mills indicates, using an

analysis based on generalized Lawson criterion, that all temperatures below
approximately 30 KeV correspond to unstable operating conditions.2] Ohta,
Yamato, and Mor122 have analyzed plasma energy stability for various tempera-
ture depgndencies f Te and Tgs and conclude that neoclassical diffusion in
the banana regime will lead to unstable operating conditions. Our conclusions,
in general, confirm those of Ohta, Yamato, and Mori. |

The simplest way to uncover the governing physics is to add equations
(46) and (47), and lassume T; = T,» zero injection energy, and negligible ohmic

heating. Then we flind

n<ov> T 7 - 133 o1y 0T
A [ tA S Al S e
TC TE Tc TE
2 1/2 _ -
'Ax("i +4n + ) Zin M) Mo T W.=0. (48)

The temperature dependence of the gain term is that of <ov> which is shown in
figure 1 for the D-T reaction. In the temperature range of greatest interest

for CTR Tokamaks (8-30 KeV), the fusion reaction rate is linear in Ti' On the

7,8

other hand, in the banana regime of neoclassical diffusion,’*" regardless of

the spoiling constants, S, the temperature dependence of Te and g is T]/Z.

Therefore, energy loss by particle convection, conduction, and bremsstrahlung

]/2 and, neglecting synchrotron radiation, the operating point

all vary as T
is unstable. A typical plot of gains and losses illustrating this is shown
in figure 2. The conclusions are readily verified analytically by performing

a standard stability analysis on the equilibrium point. Clearly, since
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eaks and begins decreasing, there is a second stable
eratures (>50KeV). However, the neglect of wc can no

in this temperature regime.

es are Bohm-like or if D uT+3/2, as in the plateau

10,23

ncl

ave a bumpy torus, both stable and unstable points

can be obtained. The details depend on the magnitude
compared to bremsstrahlung losses and the various possi-
ated schematically in figures 3 and 4. Importantly, a

na to plateau, or maintaining the machine in the plateau

n a stable operating point at lower temperatures. Fur-

n losses have not been included in the above discussion.
losses are generally predicted to have a strong tempera-
synchrotron radiation can help produce a stable operating
proxima;ely 30KeV if the radiation gets out at these "Tow"
B systems. ‘

of all these reamrks is that if particle and energy con-
as T”2 (banana regime of neoclassical diffusion), low

steady-state operating points will be energetically

at such a point will therefbre require a system for feed-
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Figure 1

Figure 2

Figure 3

Figure 4

Figure Captions

The fusion rate versus temperature for the D-T reaction.2 From
7KeV to approximately 30KeV, AL is linear in T,

Plasma energy gains and losses versus T. The losses include
bremsstrahlung radiation,and conduction and convection energY
Tosses. | In the banana regime,’,8 each loss term varies as T1/2,
The equilibrium point is unstable.

a. Variation of the electron diffusion coefficient with collision
‘frequency for an axisymmetric torus.’,8,10

b. Variation of the electron diffusion coefficient versus collision
frequency in a bumpy torus23,10 (radially uniform corrigation
in the toroidal magnetic field).

Schemati¢ illustration of the effects of adding to the bremstrahlung
loss other loss mechanisms such as synchrotron radiation, Bohm

losses, or losses related to tcand T when these are for the nlateau
regime7» or a bumpy torus.23,10 The“upper equilibrium point is
stable in each of these cases.




2L

D
™

oA

o/

oy gL

1epr

o, L _ T - T o -:.....Wi;,f ‘.! .n-..:!.;--:u.lww..u f.:ﬂ:”..‘ T II T
e R . e e - —_ . -

NN ;nxxm -

U I TUTIITIO LTI I ?oww-ir.uzmo wwow ca s.th C VX s _aAsfwv

i
| &



- S e . o - - ] - T L T T T

JA DIFFUSION )
30

'
[

FUSIONS - |

|
|
|
!

dsses (RAD, PLUS

|
i
1
!
|

1
|
1
'

!
i
|
- :ENE;RGY’GNNS bue To
: ‘ tNERGY L
h

|

|

!

TS T o
TS LT o
Sun T e b

wery e,



neeye

FIG. 3b




91 was v 'Hi4 C e e e -

I 1;11 . + o7> ¢u2, :v oo ,- |..w s fwf T
mnimmgrm _-m.uw,_.._w Y G e
, .l,wm-n,wk_..u,...,‘ S8s830) jc& X x7> e S e
T T e B s D L] S
= n:no, 33..3 4 i x 7)? TSI . \ T ..Hﬂ.IMWl!mIWNI.MHM
liwm..n-wfh e »o..,;._‘ e ..-.-.,I,,.m..ii.w.».n..,.. \l.m-.w._......,. —To slw! s o
S meme o L e EEE
L T e e e —
W.H;u.llilnl..lnulv.-ﬁwwWOJ ?Qmuzm - —— el lut—— -.ulln.w

1A V4 FA





