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An important concern regarding the suitability of the
tokamak for a fusion reactor is the limit on beta (either
poloidal or toroidal beta). Since the power density is propor-
tional to 82, economic considerations suggest that B should be
as large as possible. Since the poloidal beta, Bp, is propor-
tional to the toroidal beta, for a given stability factor and
aspect ratio, it is sufficient to consider the limit on Bp.

! Strauss,? and Callen and Dory?® have argued that,

Shafranov,
for a tokamak plasma contained in a conducting shell, MHD equi-
librium does not impose a limit on Bp. A conducting shell,
however, is not suitable for a long time equilibrium since the
surface currents in the shell decay in time. An externally
imposed uniform vertical magnetic field can provide long-term

1

equilibrium but, according to Shafranov,  this imposes the

limit Bp S A, where A is the aspect ratio. What happens is that
the separatrix between the vertical field and the poloidal field
of the plasma shrinks to the plasma surface as Bp + A. One
cannot go higher in Bp without having field lines in the plasma
connect to infinity; equilibrium is lost. This argument is based
on the assumption that the vertical field is uniform over the
cross-section of the plasma; one might suspect that a suitably
designed nonuniform vertical field (which is what a EOnducting
shell produces) will allow higher Bp.

Galeev and Sagdeev® have argued for a different limit on
B_ in a steady-state tokamak because of a non-MHD effect--the

p
"bootstrap current". To obtain their result, it is convenient



to start with a relation between the inductive electric field

Ee, the toroidal current density Je, and the poloidal magnetic

field B¢ obtained by Rosenbluth et al;®

- - /T _ 4.88T /T dn
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where 0 is the Spitzer conductivity, n is the density and T is
the temperature (Ti = Te’ for simplicity). The coordinate system
is shown in Fig. 1. The second term in (1) is the "bootstrap
currént"; it arises because
of the tensor nature of

diffusion in a magnetic field.

N\ » Since the poloidal field B¢
- :
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or, for large aspect ratio,
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Inserting (1), we get
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Let us put Ee = 0 (stationary tokamak) and assume
n(r) = no(l - r2/a2). The solution to (3) is
4.34u Tn
B¢2(r) _ 5 0 o r5/2
a vR

We define Bp by
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Thus
R
B = .92 / = = .92VA
P a
Hence, if one can get a tokamak to Bp = .92/A, then the required

electric field to maintain the current is zero. The "bootstrap
current" is sufficient to maintain the poloidal magnetic field.
In order to get to higher Bp, one needs to reduce the current
density Jg near the edge (rxa); this can be done by having Ee
negative at the edge and zero at the center. Since this electric
field profile is not curl-free it can be maintained only for

times shorter than that for diffusion of the poloidal magnetic

field. A uniform E_, opposed to Jg is not possible since from

6
(3),

B¢(—E6) = _B¢(E6);



the entire current profile and poloidal field reverses in
direction so that Jg is always parallel to Ee.
The physical origin of the bootstrap current is rather

interesting. For large aspect ratio, we can approximate the

toroid by a cylinder as shown in Fig. 2.

The radial diffusion flux is Fr = - D %% . The corresponding

diffusion velocity is v, = Pr/n. Let us put this velocity
into a Langevin equation for the z-motion of the electrons

dvt

m =— = -ev. B, - mv .v
e dt r ¢ e el’z

where Vi is the electron-ion collision frequency. For steady-

state, d/dt = 0. Thus




The radial diffusion coefficient D in the banana regime is®
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Thus

The current density J_ is

4.48T dn r

z z B dr R '’
¢
which, except for a small difference in the numerical factor, is

identical to the "bootstrap current" in (1).

Conclusion

Since there seems to be no way of getting around the "boot-
strap" current limitation on Bp in a steady-state tokamak reactor,
it is best to design for Bp < VA. A short pulse reactor may
operate at higher Bp because of a reversed skin effect. This is
an "iffy" business for design since neoclassical theory predicts
a strong but experimentally unobserved skin effect in present

experiments.
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